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C\| , Abstract 

^~», The aim of this paper is to compute the Frobenius structures of some cohomological 

1^ I ' operators of arithmetic ^-modules. To do this, we calculate explicitly an isomorphism 

between canonical sheaves defined abstractly. Using this calculation, we establish the relative 
Poincare duality in the style of SGA4. As another application, we compare the push-forward 
, as arithmetic ^-modules and the rigid cohomologies taking Frobenius into account. These 

theorems will lead us to an analog of "Weil IF and a product formula for p-adic epsilon 
factors. 
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Introduction 

In this paper, we prove several results concerning Frobenius structures in the theory of arithmetic 
^-modules. There are mainly three goals in this paper. 



(Gl) Compute and describe Frobenius structures of some cohomological operators, appearing 
■ in jBe2j . concretely in terms of differential operators. 



(G2) Establish a relative Poincare duality in the style of SGA4 in the theory of arithmetic 



ly^ , ^-modules. 



(G3) Compare the push-forwards in the theory of ^-modules and the rigid cohomologies with 
Frobenius structure. 



First, (Gl) is the starting point of other two goals. We describe some isomorphisms appearing 
in |Be2) explicitly by taking local coordinates. Apart from (G2) and (G3), this calculation is 
• used in |AM| to compute the geometric Fourier transform defined by C. Noot-Huyghe explicitly. 

. With this description, we are able to re-prove Gross-Koblitz formula |GKj using arithmetic 

modules. This calculation will be discussed in other places. We expect that these ideas can be 
generalized to a calculation of p-adic e-factors. 

For (G2), a duality theory was established by A. Virrion in |Vi2j to some extent. However, 
we need two more ingredients to call it the Poincare duality: 1) comparison of the extraordinary 
pull-back and the normal pull-back for a smooth morphism, and 2) taking Frobenius structures 
into account. Using our result 1) on the comparison of two types of pull-backs, we are also able to 
compare duality functors of the theory of rigid cohomology and that of arithmetic ^-modules, 
which completes a work in [Ca5j . For 2), even without Frobenius structures, her duality is 
very powerful tool, but in practical uses of arithmetic ^-module theory, Frobenius structure 
is another important ingredient that contain arithmetic information. For example, L-functions 
for holonomic ^^-modules cannot be defined without Frobenius structures, and thus to show 
the functional equation for L-functions, it is necessary to consider Frobenius structures in the 
duality. 

(G3) is another application of (Gl). If we do not consider Frobenius structures, this is a 
well-known result of Berthelot |BeIl 4.3.6.3]. This type of comparison theorem is necessary when 
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we want to exploit results of the theory of ^-modules in the theory of rigid cohomologies and 
vice versa. For example, in \Ca,2\ 3.3], the author discussed the relations of L- functions defined 
using the theory of rigid cohomologies and that of arithmetic ^-modules. This result can be 
reinforced and re-stated much clearer using our result (cf. Remark 13. 12p . 

Now, let us go into more details of the results. Let Rhe a complete discrete valuation ring of 
mixed characteristic (0,p), and we denote by k its residue field which is assumed to be perfect, 
K its field of fractions. Let be a smooth formal scheme over Spf(i?), and Xq be the reduction 
of ^ over k. Let s be a positive integer, and we put Xq := Xq 0k,F^ k where : Spec(/c) — ?> 
Spec(/E) denotes the s-th absolute Frobenius isomorphism. In this introduction, we also assume 
that there exist liftings a: Spf(i?) ^ Spf(i?) of and F: ^ ^ JT' := JT 0^,^ R of the 
relative Frobenius morphism F^^i^ : Xq ^ Xq for simplicity. A coherent F-S)'^^- ^-module is a 
couple of a coherent i^j,- Q-module ^ and an isomorphism F* — > ^ where denotes 

the Q-module induced by ^ by the base change a. Frobenius structures are known to 
be stable under reasonable cohomological operations of arithmetic ^-modules such as push- 
forwards, extraordinary pull-backs, tensor products, etc (cf. |Be2j ). 

When we try to calculate Frobenius structures of some cohomological operations (e.^. push- 
forward functor), an obstacle lies in the isomorphism iox — ^ F^uj^-i of |Be21 2.4.2]. The con- 
struction of this isomorphism is formal using general facts of |Haj . However, we need to trace 
many isomorphisms of |Haj to compute it explicitly, which is monotonous but messy. The ad- 
vantage of this computation is that it makes us possible to calculate Frobenius structures in 
"brutal" but very direct ways, at least locally. As an example of the explicit computation, we 
calculate the Frobenius structure of push- forwards (cf. paragraph 12. Sh . We can also prove a 
proper base change type lemma (cf. Lemma l2.6p . With an aid of a result of Caro, we get the 
proper base change theorem in paragraph 15. 71 Another application will be to prove the following 
theorem. 

Theorem 13.101 — Let f : ^ ^ '3^ he a smooth morphism of relative dimension d between 
smooth formal schemes. For a coherent F -^'l^ ^-module ^ , 

(b) /■(ID)r(^)) = Bs;{f-^){d)[2d] 

where [d) denotes the d-th Tate twist (cf. paragraph 12. 7|) . 

The construction of the isomorphism without Frobenius structures requires only standard 
methods of the theory of arithmetic ii^-modules, but to see the compatibility with Frobenius 
structures, we need the explicit calculation of the isomorphism of canonical sheaves. Using a 
result we get on the way we prove this theorem, we compare the rigid cohomologies and the 
push- forwards in the arithmetic ^-module theory, which is (G3). This theorem can be seen as 
a part of Poincare duality. See the last section for an account of this interpretation. Moreover 
this theorem leads us to complete a work of Caro in |Ca3j (cf. Corollary I3.12p comparing the 
duality functors in the theory of rigid cohomology and that of arithmetic ^-modules. 

In this paper, we also include some small but useful results concerning Frobenius pull- 
backs. Namely, we prove: 1. commutation of the dual functor and the tensor product in some 
cases, 2. the Kiinneth formula, 3. compatibility of the relative duality homomorphism with 
Frobenius. The result 1 uses (jb]) in the proof, but results 2 and 3 are independent of the explicit 
computations. The results 1 and 2 are included in this paper with the intention of use in 
The result 3 is aimed to establish the Poincare duality as we have already mentioned. 

Finally, let us point out some notable applications of our result. Currently, we have the 
following two important applications: 
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• establishing the "yoga of weight" in p-adic cohomologies, especially an analog of "Weil 
II" in the theory of arithmetic ^-modules. This will be treated in a paper of the author 
jointly with D. Caro (in preparation). 

• a product formula for p-adic epsilon factors. See |AMj for more details. 
In the proofs of those two results, (G2) and (G3) are used extensively. 

Let us see the structure of this paper. In §1, we describe isomorphisms which are key 
isomorphisms to construct the commutativity. In §2, we calculate the Frobenius structure of 
push-forwards explicitly. We should mention that this calculation is a key to calculate the 
Frobenius structure of Fourier transforms explicitly, which is carried out in |AMj . With these 
two sections, (Gl) is attained. As an application, we show a proper base change type lemma 
also in this section. In §3, we show that the dual functor and the extraordinary pull-back functor 
commute up to some degree shift and Tate twist in the smooth case. Using a lemma we prove 
to show this commutativity, we will compare the rigid cohomology and the push-forward of 
arithmetic ^-modules, and we get (G3). In §4, we will show some complementary results, which 
are used in [AMj . The idea of the proof of the Kiinneth formula is due to P. Berthelot. In 
this section, we also prove that the relative duality isomorphism of Virrion is compatible with 
Frobenius. Together with §3, (G2) is completed. In §5, we interpret the results in terms of the 
philosophy of "six functors" by Grothendieck, which clarifies the meaning of the results in this 
paper. 
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Notation 

0.1. In this paper we fix a complete discrete valuation ring R with mixed characteristic (0,p). 
We denote the residue field by k, the field of fractions by K. For a non-negative integer i, we 
put Ri to be R/7r^~^^R where vr is a uniformizer. We denote by e the absolute ramification index 
of K. 

In general, we use Roman fonts (e.g. X) for schemes and script fonts (e.g. ^) for formal 
schemes. For a formal scheme ^ over Spf(i?), we usually denote by Xi the reduction ^ (g)/j Ri 
over Spec(i?j). 

0.2. For a scheme X over Spec(A;), we denote by Fx'- X ^ X the absolute Frobenius homo- 
morphism: it sends a section / of Ox to We fix a positive integer s, and put q := . We 
put X^^^ := X ®k,F^'' k, and call it the relative s-th Frobenius of X. 

0.3. Let ^ he a sheaf of rings on a topological space X. When we simply say ^-module, it 
means left ^-module. We denote by D*^^^{^) (* G {+, -, b}) the fuh subcategory of D*{^) such 
that the objects consist of complexes whose cohomology sheaves are coherent. We denote by 
-Dperf(^) the full subcategory whose objects consist of perfect complexes {i.e. complexes locally 
quasi-isomorphic to bounded complexes of locally projective ^-modules). We denote by Di^di^) 
the full subcategory consisting of finite Tor-dimensional complexes {i.e. complexes possessing 
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bounded flat resolutions). We put Dpgj,f(^) := Dperf(^) n Dft^{&). When X is quasi-compact 
and & is coherent, D^^^f{&) coincides with L>perf(^) n D^^y^{&). See SGA6 Exp. I for details. 
When we denote by D{Si)^ (resp. D{&)'^) we consider complexes of left (resp. right) ^-modules 
(g and d stand for French words "gauche" and "droit"). When we put Q as an index, this means 
tensor with Q. 

0.4. In this paper, we freely use the language of arithmetic ^-modules. For details see |Belj . 
|Be2j . |BeIj . In particular, we use the rings for a smooth scheme X and a 

smooth formal scheme We use the category LL) ^ qr.(^ff ) whose definition is written in 
|BeH 4.2]. Let Z he a divisor of the special fiber of ^ . Then by the same construction, we can 
consider the category LL^ g ^^{^^'^ (Z)). For this category, see also |Ca2t 1.1.3]. 

0. 5. Let be a smooth formal scheme, and Z he a divisor of its special fiber. Let := J^\Z, 
X and U be the special fibers of ^ and respectively. Let ^ be a coherent (F-)^j^- Z)- 
module such that it is coherent as an Os\q{^ Z)-module. Let C be the full subcategory of the 
category of coherent (F-)^^- Q(^Z)-modules consisting of such Then we know that the 
specialization functor induces an equivalence between C and the category {F-)lsoc^{U,X/K) 
by jBeH 4.4.12] and |Be21 4.6.3, 4.6.7]. We say that ^ is a convergent (F-)isocrystal on 
overconvergent along Z by abuse of language. 

1. Explicit calculation of isomorphisms of canonical sheaves 

In this section, we will explicitly calculate the isomorphisms of |Be21 2.4.3, 2.4.4] (cf. Theorem 

II. 7p . from which some commutation results of Berthelot [Be2j are derived. The existence of these 
isomorphisms are direct consequences of fundamental properties of the functors of Hartshorne 
|Haj . and for the explicit calculations, we need to go back to the proofs of these fundamental 
properties, and trace these isomorphisms step by step. We follow the notation of jHal III]. 

1.1. First we review the notations and functors of Hartshorne |Hal III] in short. Let f : X ^ Y 
be a morphism of schemes. When / is smooth, we denote by ujx/y the canonical sheaf /\'^ ^x/Y 
where d denotes the relative dimension of /. When / is regular closed immersion, let J' be the 
sheaf of ideals of Oy defining X. Then we put u^x/Y •= (A'^ J I J'^Y where d is the codimension 
of X in y, and ^ is the dual as an Ox-module. In both cases, wx/y is a locally free Ox-module 
of rank 1. 

Suppose / is smooth. We define a functor : D{Oy) — D{Ox) as follows. See [Hal III, §2] 
for more details. For C € D(Oy), we put /"(C) := f*{C) ^x/Y[d] where d is the relative 
dimension of /. We see that this functor takes D^^{Oy) into D^^{C>x) (here D*^ denotes the full 
subcategory of the derived category consisting of objects whose cohomologies are quasi-coherent 
sheaves). 

In turn, suppose / is a finite morphism. We denote by / the morphism of ringed spaces 
(X,Ox) ^ (y,/*Ox). Then we define a functor D+(Oy)_^ D+{Ox) as follows. See ^ 

III, §6] for more details. For C G D+{Oy), we put f\C) := J* Rnomoy{f*Ox,C). We know 
that this functor takes L'^(Oy) into Z)^(Ox), and if / has finite Tor-dimension (cf. [Hal II §4], 
e.g. flat morphism), then it takes bounded complexes into bounded complexes. 
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1.2. Now, consider the following diagram of schemes 




where / and h are regular closed immersions of co dimension d > 0, and g is a finite flat morphism. 
Since g is finite flat, we get that 

g\Oz)=rnomo^{g.OY,Oz). 

There exists the natural equivalence f^g^ = h!' by \H.a\ III Proposition 6.2]. By taking the d-th 
cohomology, we get an isomorphism 

L : T £xt%^ {f*Ox, r noma, {g. OY,Oz))^h* Sxt%^ {KOx,Oz). 

Now, suppose Z is an affine scheme. Then the other two schemes are also affine schemes. We 
denote the global sections of X (resp. Y, Z) by Rx (resp. Ry, Rz)- By [Haj III, Proposition 
6.1], the source and target of l are quasi-coherent Ox-modules. Thus, l is associated to the 
following isomorphism of i?x-modules 

Exti^{Rx,}iomR^{RY,Rz)) ^ Extj^jRx, Rz), 

and we also denote this isomorphism by l. We calculate this isomorphism in terms of the 
fundamental local isomorphism |Hal III, Proposition 7.2]. 

Suppose moreover that there exists a system of local parameters defining X in y (resp. in Z) 
denoted by {yi}i<i<d (resp. {zi}i<i<d)- Let / := Ker(i2y — > Rx)- The sheaf Ux/y is the quasi- 
coherent sheaf associated to Homj:j^ {/\'^ I/I^, Rx)- Since yi A • • • A defines a basis of /\'^ I/l"^, 
we denote by (yi A • • • A Ud)^ its dual basis. In the same way, we define a basis (zi A • • • A z^)^ 

of UJx/Z- 

1.3 Lemma. — We preserve the notation. We define a homomorphism a in the following 
diagram so that it is commutative. 

Extj^^{Rx,}iomR^{RY,Rz)) ^^x/Y (^Ry HomR^iRy, Rz) 



Exti^ {Rx , Rz) j "^x/z 

Here the horizontal isomorphisms are the isomorphisms o/[Ha| III, 7.2]. Let g*{zi) = '^i<j<d fijVj 
where fij G Ry- Here the expression may not be unique, but take one. We put G := {fij)i<ij<d G 
MatdxdiRy)- ^^e'^ 



a{{yi A • • • A yd)"" if) = (^(det(G)) • (zi A • • • A z^)^ 
where the over-line denotes to take the image of the homomorphism Rz — > Rx inducing h. 

Proof. On the way we prove the lemma, we will review the definition of the homomorphism /3. 
Let RzCi be a free i?z-module of rank 1 whose generator is Let K, := A*(©iLi Rzd) be the 
Koszul complex. By definition, the differential homomorphism Kj. — )> Kj.-i is defined by sending 
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Ci^ A ■■■ A Cir to J2{~^y ^ij Cii A • • • A Cij A • • • A Cir where (ij means omit d.. The canonical 
homomorphism Rz — )■ Rx defines a complex 

d 
i=l 

which is known to be a free resolution of Rx- Now, let us define a homomorphism 

i=l 1=1 

by mapping Cn A • • • A 0, to 

^<J<d i<j<d iji,...,jr)e[l,d]- 

where [l,d] is the set {i € Z | 1 < i < d}. Then it is a standard calculation to check that these 
homomorphisms define a homomorphism of Koszul complexes: 

7: ^'{^Rzc?)^^'{^RYl^^). 

1=1 1=1 

This induces the following commutative diagram. 

Homfiy(A'^(©ti^y^O,^r) ®Ry Homjj^(i?y,i?z) ^^x/Y ®Ry YLoiaR,{RY , Rz) 

a 

HomRjA''(eti RzCi), Rz) ^^/^ 

Here, the left vertical arrow is induced by 7. The bottom horizontal arrow is the surjective 
homomorphism defined by sending (j) to (j){Ci A • • • A Cd) • (^i A • • • A -z^)^. This factors through 
Ext^^(i?X) -Rz)? and this is j3 by definition. The top horizontal arrow is defined in the same 
manner. The homomorphism 7 sends Ci A ■ ■ ■ A Cd to det(G) ■ (z/i A • • • A Ud)- Thus, we get the 
lemma. ■ 



1.4. Now we will calculate the isomorphism jix in |Be2l Lemme 2.4.2], which is one of the 
two ingredients to calculate the Probenius isomorphisms explicitly. The other ingredient is the 
explicit calculation of Frobenius by Garnier, which we will review in paragraph 12.21 

Let us fix the situation and notations. We fix a positive integer s > 0, and put q := p'^ as in 
Notation. Let S be a scheme endowed with quasi-coherent m-PD ideal (a, b, a) such that p G 
and p is nilpotent, and X be a smooth scheme over S of relative dimension d. Let be the 
subscheme of S defined by a, and Xq := X xs Sq. Suppose S and X are affine schemes, and 
X possesses a system of local coordinates {xi}i<,i<d over S {i.e. the homomorphism X Ag 
induced by {xj} is etale). Recall Xq*^ := Xq 0So,f^ Sq is the s-th relative Frobenius of Xq 

(s) 

over Sq. Let X be a smooth lifting of Xq ' over S. There exists a system of local coordinates 
{yi}i<i<d of X' . Since 5 and X are affine, we may lift the relative Frobenius homomorphism 
denoted hy F : X ^ X' over S uniquely such that F*{yi) = x^. 

We will use multi-index notation. For an integer i, we put i := {i, . . . ,i) in Z,'^. For k = 
{ki, . . . , kd) and A;' = (/c'^^, . . . , k'^ in U^, we denote by A; < A;' (resp. k < A;') if ki < k[ (resp. 
ki < k[) for any \ <i < d. We define k — k':= {ki — k[, . . . , kd — k'^). 
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We know that 

0<k<q 

Consider the dual O"^ := Homo^, (F^^Ox, Ox')- We denote the dual basis of {x-} by {Hx~-}. 
The notation may seem a little strange, but this notation is used to be consistent with Garnier's 
calculation (cf. paragraph 12. 2p . For a quasi-coherent Ox'-n^odule we get 

(1.4.1) F*i^) = Ox®o^,^ 

F\^) = Homo^, (F.Ox,^) = ^ ®o^, 0\ 

as Ox-modules. We identify them, and a section m® (p oi ^ ^o^i considered to be a 

section of F'"{^). 

1.5 Proposition. — We preserve the notation, in particular S, X, X' are affine. Recall the 
isomorphism of Berthelot ]Qe2\ 2.4.2] 

fix - (^x F ujx' ■ 

Using (|1.4.ip . we can described this isomorphism by 

Hx{dxi A • • • A dxd) = {dyi A • • • A dy^) ® Hx"^^~-\ 

Proof. Before starting the proof, we remind that Conrad pointed out in |Coj that with sign 
convention of |Haj . many compatibilities stated in |Ha] do not hold, and we need to use the 
modified convention as in \Go\ 2.2]. In this proof, since the outcome does not change, we follow 
the conventions of |Haj . For skeptical readers, we put signs © through below arrows of the 
homomorphisms whose sign change if we use the conventions of |Coj . and see how they differ at 
the very end of this proof. 

To avoid confusions, we put Y := X' m. this proof. Consider the following diagram. 

X XsX — ^X xsY 




Here p2 is the second projection, A is the diagonal morphism, qx is the first projection, s is 
the graph morphism of F, qy is the second projection, and / and g are structural morphisms. 
For an affine scheme Z, we denote the global sections of Z by Rz- Note that all the schemes 
appearing in the diagram are affine. Let us consider X xg X (resp. X y) as a scheme over 
X by the projection p2 (resp. qx) unless otherwise stated. We put 

xiA ■■= Xi®! in RxxgX and RxxsY 

XA,i := (g) 1 - 1 (g) in RxxsX 

Xs,i:= F*{yi) 01-1 (S>yi in RxxsY- 

The set {xa,i, XA,d, 2:1,1, (resp. {xs,i, . . . , x^^^, xi,i, . . . , xi,^}) forms a system of 
local coordinates oi X Xs X (resp. X X5 Y), and {2;a,i, • • • ,a^A,d} (resp. {x^^i, . . . ,Xs ii}) de- 
fines a local system of parameters defining A{X) (resp. s{X)). We also note that dx/^^, := 
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(ixA,i A ••• A dx^^ii defines a basis of (j^xxsX/x- For € Houijiy {Rx , Ry) , we denote by 
If' £ Hom^^^^y (iJxxsX, Rxxsy) the homomorphism defined by 1 (81 

Now, let d' : Rx RxxsX — Rx ®Rs Rx be a homomorphism of i?5-algebras defined by 
d'{h) := & (g) 1 — 1 (g) 6. We consider RxxsX as an i?x-algebra by the first component for a while. 
Then for o, 6 € Rx, we get 

d'{ab) = ad'{b) + bd'{a) - d'{a) ■ d'{b). 

Thus, 

{lxFr{xs,) = d'{F*{y,)) = d'{xl) = (^-d'xl-'+ J2 fidd'xi)-d'x, 

q~l>j>0 

=■ Fi ■ XA,i 
with fij G Rx- By definition, we have 

{Hx- ^^y{d'xj) = for any i ^ j ov i = j and k ^ q — 1 

{Hx-^''-^^)'{d'xt^) = -l(^l. 

Let 

(1.5.1) G := diag(Fi, . . . , F^) e Ma.tdxd{Rxxsx) 
where diag denotes the diagonal matrix. Then, we obtain 

(1.5.2) (Fx~(«-i))'(det(G)) = {Hxr^l^^^yii^-lfd'xl^^ . . . d'x^"^) = (-1 ® 1)^^ = 10 1. 

We set back the convention, and consider X X5 X as a scheme over X hy p2- The homo- 
morphism /ix is defined in the following way: 

OJX = f^Os[-d] ^ F^g^Os[-d] ^ F^ujy/s 

where the first and third isomorphisms are by definition |Hal III, §2] and the second isomorphism 
is induced by |Hal III, Proposition 8.4]. In the rest of this proof, we will drop the section number 
III when we cite [Ha]. Since the sheaves we are considering are quasi-coherent and schemes are 
affine, we do not make any difference between sheaves and its global sections. 

We will start to calculate from F^ujy/s- Iii the rest of this proof, we will use the identification 
F'^.y^ = O'x ®Oxi to describe the elements contrary to the standard convention (jl.4.ip of this 
paper. Thus the sheaf F'^uoy/s is identified with Hom/jy (i?x, -Rr) '^Ry ^Y/s- Take an element 

ip®dy, e Hom^jy {Rx, Ry) ^Ry ujy/s- 

First, we need to calculate the isomorphism a: F^ujy/g — > s^qyUy/s, which is the third isomor- 
phism in the proof of [Ha^ 8.4]. This isomorphism is the isomorphism of [Hat 8.2]. To calculate 
this, first, we get an isomorphism 

RomRy{Rx,Ry) ^Ry ojy/s = F^ujy/s 

^ A^pIf^UJy/S - ^X/XxsX (^Rxxx ^XxsX/X '^Rx ^omRyiRx , Ry) 0Ry UJy/s- 

This isomorphism is defined in [Hal 8.1]. Let , denotes the dual basis of xa,i A ... A XA,d in 
UJx/xxsX, dy, denotes dyi A ... A dy^, and dxi^, denotes dxi^i A • • • A dxi^d- We define x^, and 
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dxs^m in the same way. Then the isomorphism sends ip (8) dy, to , (8> dxi^, (8) (8) dy,. Secondly, 
we get an isomorphism 

^x/xxsx ^iflxxx ^XxsX/x '^Rx HomR^y(i?x,^y) ®b.y ^y/s - ^^p\f^^y/s ^ ^^(1 X ^)^^^wy/s 

— ^X/XxsX ®Rxxx HomR^^^y (iJxxsX, -Rxxgy) ^^Rxxy ^XxsY/Y ®Ry ^y/s- 

This isomorphism is defined in [Hal 6.3], and sends ,®dxi^,®ip®dy, to ^/Sup' 0dxi^,0dy,. 

Thirdly, we get an isomorphism 

i^x/xxsx (8HomKx^^y(i?xxsX,-Rxxsy) ^ ujxxsY/y ® ^y/s - x FfqlrUy/s 

b tt 

— > S gyt^y/s = u;x/Xxsy ^RxxgY ^XxsY/Y ^Ry ^Y/S- 

This isomorphism is defined in [Hal 6.2], and this is the homomorphism we calculated in Lemma 
11.31 Thus, using this lemma, we get that it sends , (8 93' (8> dxi^, (8> dy, to ip'{det{G)) ■ , (8 
dxi^, (8> dy, where G is the matrix defined in (jl.S.ip . Combining these three isomorphisms we 
got, we obtain 

a: RomRY{Rx,RY) 0Ry ^Y/S — > ^^X/XxgY ^RxxgY ^XxgY/Y ®Ry ^y/s 

if (8 dy, 1-^ 93'(det(G)) • x^^, ® dxi^, (8 dy, 

where the over-line denotes taking the image of the canonical homomorphism RxxgY Rx 
inducing the morphism s. 

Now, we come back to the definition of the isomorphism of [Hal 8.4]. We need to calculate 
the isomorphism h: s^qyUJY/s ^ s^Q\cf'^^s[~d], which is the second isomorphism in the proof 
of [Hal 8.4]. We have an isomorphism 

s'Qy^Y/S — ^X/XxsY ®Rxy.sY ^XxsY/Y ®Ry ^Y/S 

s\f o qxfOs[-d] = UJx/XxsY (^RxxaY ^XxsY/S- 

® 

This isomorphism is defined in [Hal 2.2], and sends x'^^ ^®dxi^,®dy, to x^^ ^® {{—lY dx s^, f\dxi^,) . 
Then we get an isomorphism 

^X/XxsY'^RxxgY^XxsY/S - S^{foqxfOs[-d] q^^ f^Os[-d] = OJx/XxsY'^^XxsY/x'^^X/S- 

(D 

This is also an isomorphism of [Hal 2.2], and sends x^ ,^{dxs,,/\dxi^,) to {—l)'^^x^,(S)dxs,,'S>dx,. 

Since + d is even, we get 

b- ^X/XxsY ^RxxgY ^XxsY/Y ®Ry ^Y/S ^X/XxgY ® ^XxgY/X ® ^X/S 

x^g , (8 dxi^, (8) dy, i-> x^, (8 dx^,, (8 dx,. 

At last, we get an isomorphism 

c: wx/xxgy ^XxsY/x ® ^x/s - s^Qx^x/s ^x/s- 

@ 

This isomorphism is defined in [Hal 8.1], and sends x^, (8 dxg^, ® dx, to dx,. 

Now, by definition, /j.^^ = c o b o a. The above calculation shows that 

fj-x^if (8 dy,) = ip'{det{G)) ■ dx,. 
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Taking = Hx^^^'^-^ and considering (|1.5.2p . we get the lemma. 

As we noted at the beginning of this proof, we need some modification for the calculation 
of the homomorphisms ® through if we use the convention of [Co\ 2.2]. Precisely for the 
homomorphisms ® and 0, we need to multiply by (— and for the homomorphisms 
@ and @, we need to multiply by Thus, fj,x^ is multiplied by (_i)'i('^-i)+2d^ = i ^nd 

the result remains to be the same as we stated. ■ 

1.6 Remark. — When F*{yi) is not equal to x^, we can also calculate in the same way. We 
can write d'{F*{yj)) = fij ■ d'xi where /jj S RxxsX using the notation of the proof of the 
proposition. We put gij := ((1 Cg) Hx^~^){fi j))~ where the over-line denotes to take the image 
of the canonical homomorphism RxxsY — > Rx- Using this, we get 

t{dxi A • • • A dxd) = (detG)~^(i7x^^^) dyi A ■ ■ ■ A dy^ 

where 

G 



( 51,1 • • • 5'i,d^ 



\9d.\ ••• 9d4) 

Note that this matrix is invertible since G = I mod p • Mat(i?x)- We do not know how we 
compute the determinant of this matrix further. 

Now the following theorem follows from the construction and Proposition 11.51 

1.7 Theorem. — We preserve the notation of paragraph II. 4L and let us denote by {dx,Y 
dual basis of dx, := dxi A ■ ■ ■ A dx^ in lo'^ , and the same for dx', and (dx',)^. Let M be a left 

-module, and ^ be a right ^^^'^ -module. Recall two isomorphisms of Berthelot |Be2^ 2.4.3, 
2.4.4]: 

/W.^: ^x ®Ox P*-^ --^ F^ii^x' (^Oxi -^)' 
v,^ : u)-^ ®Ox ^ F*{^x^ ®Ox, 

Let m € m' € ^ , and f E Ox- Then we get that 

11^ {dx, (g,{f(S,m)) = {dx', (g>m)(gj (HxT^^^-'^ ■ /), 
K,r{{dx,y (m' (g) {Hx-^1-^^ ■ /))) = / ® {dx',Y ® vn! 

by using the notation of (jl.4.1|) . 

2. Explicit calculation of Frobenius isomorphisms 

In this section, we will give first applications of the theorem in the previous section. The main 
result of this section is the calculation of the Frobenius structure of push- forwards. 

2.1. We will fix two situations for the basis R often used in this paper. 

i The ring R is complete discrete valuation ring as in Notation. 

ii We moreover assume that the s-th absolute Frobenius isomorphism lifts to an au- 
tomorphism Spf(ii) ^ Spf(ii) which is denoted by a. In this case k is automatically 
perfect. 
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For a scheme X over k, we recall X^'^^ := X p"* ^- Lst ^ be a smooth formal scheme over 

' k 

Spf(i?), and let Xq the special fiber. Suppose that Xq^ can be lifted to a smooth formal scheme 
over Spf(i?). In the situation [H we are able to consider Frobenius pull-backs even if there are 
no lifting of the relative Frobenius morphism Xq — )• Xq*-* (cf. |Be2l 2.2.3]). Thus we are able to 
discuss the commutativity of Frobenius pull-backs with several cohomological operations such as 
push- forwards or duals etc. In the situation [51 moreover, we are able to define F-^^- Q-modules 
(cf. [Bill 4.5.1]). 

2.2. We will review the second ingredient to calculate Frobenius isomorphisms, which are 
results of Garnier [Gaj . See |Ab| for another aspect of Garnier's result. 

We will consider the situation 12.1111 Let ^ he a smooth affine formal scheme over R whose 
special fiber is denote by Xq, and suppose given a system of local coordinates {xi, . . . , x^}. We 
denote by {di, . . . , dd} the corresponding differential operators. For a positive integer s, we let 
F^* : k k he the s-th absolute Frobenius homomorphism. Let be a smooth affine formal 
scheme over R which is a lifting of Xq x^^ k. The relative Frobenius morphism Xq — )• Xq (Sif^* k 
can be lifted to a morphism : ^ — t- f^' by the universal property of smoothness since ^ is 
assumed to be affine. We sometimes denote F^ by F . We also fix a system of local coordinates 
{x']^, . . . of X' such that F*{x') = x'^ using the universal property once again. We denote 
the corresponding differential operators by {d[, . . . , d'^}. 

I I '^(s) 

Garnier constructed in [Ga| a special differential operator H G called the Dwork operator 
with the following properties: 

i Suppose a primitive q-th root of unity is contained in R. Then 

<^9=lfc>0 l<i<d 

These are global sections of i^j; • The operator Hi is called the Dwork operator corre- 
sponding to Xi. (cf. [Ga[ Proposition 4.5.2]) 

ii The operator H is a projector from O^- to O,^ '. Precisely, we have = H in , and 
its action on is O.^'-linear. (cf. [Ga[ Proposition 2.5.1]) 

iii For < A: < g', we get that Hx~- in an element of . We have X^o<fc<i3 — ~ ~ ^• 
(cf. [Sil Proposition 2.5.1, 2.5.3]) 

iv For 0<k<q, the operator Hx~- defines an Oj v-linear homomorphism O^' C^r'; 
defines an element of C^-- The set {Hx~-} defines the dual basis of {x-}. 

(cf. [Gil Proposition 2.5.1, 2.5.3]) 

The property m justifies the notation Hx~- as the dual basis used in paragraph ll.4[ Now, we 
define 

{dlr := {qx'^-'r'diH, 
and P := J2k fk &r in ^^x' fh. ^ ^-X^'^Q^ P^t 

po :=^F*(4).(a:)°^. 

k 

Note that P° is denoted by P' in [Gal 4.6.1]. This defines a ring homomorphism &^^) 
^5"+'); (cf. [Gil 4.3]). 
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The most important property of this operator is that with which we are able to describe the 
isomorphism \Be2\ 4.1.2 (ii)]. Precisely, there exists the following canonical isomorphism 

F*F'^^P - ®o^, ^i"^ ®o^:, Ol- ^ 
Then according to [Gal 4.7.2], this isomorphism can be described as 
(2.2.1) f(S)P(E) Hx-^ ^ f ■ P° ■ Hx~^. 

Remark. — Throughout |Gaj . the residue field k is assumed to be perfect (cf. [loc. cit. 1.1]). 
However, this assumption is not used in the paper, and this assumption is redundant. In fact, 
Berthelot is stating theorem of Frobenius descent |Be2l 4.2.4] without posing any perfectness 
assumption. 

2.3. Let ^ be as in the previous paragraph. Let ^ be another smooth affine formal scheme 
over R possessing a system of local coordinates {yi, . . . ,7/^/}. We also assume that we have a 
smooth lifting of the relative Frobenius with a system of local coordinates {y'l, . . . ,y'^,} and 
morphism F^: ^ such that F^{y^) = yf for any i. We fix one non-negative integer j 

and denote ^ Rj, ^ Rj, X' ® Rj, ^' (g) Rj by X, Y , X' , Y' respectively. Suppose given a 
morphism of special fibers /q: Xq Yq. Consider the following diagram. 




Here Fx and Fy are reductions of Fx and Faj^, and / and /' are liftings of /o and /q. In 
general, we are not able to take / and /' so that the diagram is commutative. However, we can 
take Fx and Fy locally with respect to X. To see this, it suffices to treat the case where / 
is a closed immersion and smooth morphism individually, and in both cases, the verification is 
straightforward. 

Let ^ be a quasi-coherent Cx'-module. Since X and Y are affine schemes, we will identify 
quasi-coherent sheaves and its global sections. We list up conventions of identifications used to 
describe sections of certain sheaves as follows. 

(2.3.1) F^xi^) ^ ^ ®o^, 0\ ^^y%^ ^ Ox ^Oy ^i"^ 

For example we have an identification 

f\f^^^^1^, ^ Oy 0Oy, {{Ox' ®Oy, ®Oy, ^y') ®o'^ ^x') ®o^, 

and for f eOY,g €Oy',P e and < < g, the section f(g){{g(g)P(g>{dy',y)(S)dx',)(g)Hx-!^ 
on the right side of the equality equally means a section on the left side by the identification. 

2.4 Proposition. — We preserve the notation of the previous paragraph. The inverse of the 
isomorphism of Berthelot \Be2\ 3.4.2 (i)] 

X- ^ X^Y-^Y'^X' ^ -^Y^X 



can he described in the following way using the identification of (|2.3.ip . Let f G Ox, o,nd 
P G ^y?'' , then we get 

X(/ O (1 O P ® {dy',y ® dx',) Hx-^) = xi'^-i ® {P° ■ Hy-'^1~^'> ■ f) ® {dy.Y ® dx,. 
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Proof. Recall that we are identifying quasi-coherent sheaves and its global sections. By using 
in Theorem 11.71 we get an isomorphism 

The theorem is saying that this sends f ® P (g) {dy'^Y to {P (g) {Hy~^!l~-^ ■ /)) (g) {dy,Y . By using 

/i"-*^, we get 

®Ox, wx') ®Ox, 0\ {Ox ®o^, &)®ujx, 

where & := f'*{{&^^ (8 Oy) <8) ^y^)- For a section D of this homomorphism sends {D 
dx',) (gi Hx~- to (X" -D) (X" fix,. At last, there exists the following isomorphism 

{*) 

Here the first isomorphism follows from the commutativity of the diagram. According to Gar- 
nier's calculation, this sends f(^l(^{{Q®Hy~-)(^{dy,y) to f ®{Q° H'if-)^{dy,Y . Combining 
these, we get the proposition. ■ 

Remark. — We will describe shortly the way to calculate x when the diagram in paragraph 
I2.3l is not commutative. In this case, suppose the integer m satisfies the inequality > e/{p — l) 
where e was the absolute ramification index of R. Under this condition, we may use the Taylor 
isomorphism of [Be2l 2.1.5] to compare Fy o / and /' o Fx- This isomorphism can be described 
in the following way. Let /, /' : X — > y be two morphisms of smooth schemes whose reductions 
over k are the same morphisms, and suppose that Y possesses a system of local coordinates 
{2/i,---,?/d}- Let 

fc>0 

in f*&^\ This is defined since we have the assumption on m. Let ^ be a ^^^-module. Then 
we can check that the isomorphism Tfji : f'*.^ — > f*^ sends 1 (g) m to T (g) m for a section m 
of 

Now, when the diagram is not commutative, the calculation of x goes well exactly in the 
same way except for (*) in the proof of the proposition. We use this calculation of Taylor 
isomorphism to compute (*). 

2.5. We use the same notation as paragraph 12. 3i As the first application of Proposition 12.41 
we will calculate the isomorphism 

(2.5.1) F^f^^ ^ f+F*x^ 

concretely. This result is used in |AMj to calculate the Frobenius structure of geometric Fourier 
transform defined by Noot-Huyghe explicitly. 

Let ^ be a ^j^^-module. In the proof of |Be2l 3.4.4], the isomorphism 

^) := r'Oy (^f,-.o,, J^) ^ i&'^^i Fl^) 

■"x' X' X 

is defined. Using the projection formula, the isomorphism (|2.5.ip is nothing but Rf^{S^). 
Proposition. — Let := =^(0- ^^^"^ P ^ ^yT^ and m G ^ , we have 

io (y- ® (1 ® F {dy',Y dx',) ® m) = (1 (g) {P° ■ Hy-^l'^^ ■ ]/-) (g) {dy,^ ® dx,) {xl'^ ® m). 
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Proof. Let us review the definition of ^o- Tensoring both sides of .^o with / it is 

equivalent to defining an isomorphism 

(2.5.2) 4?^^, ^ ^ (4^^^ n^) 

by [Be21 2.5.6]. We get an isomorphism 

where the first isomorphism is by [Be21 2.5.7] and the second by |Be21 2.5.6]. Combining this 
isomorphism with X) we get the isomorphism (12.5.2p . By Proposition 12. 4^ we see that (|2.5.2p 
sends (1 (g) P {dy',y dx',) (g) m to 

(1 (g) Hy^^-) ® [x^-^-^ ® {P° ■ Hy~^l-^^ ■ ]/-) ® {dy.^ dx,) (x^ (g) m) 
where k and / denote any element in N*^ such that < q — 1, and the proposition follows. ■ 

2.6. We consider the situation I2.1lli As another application of the explicit description, we 
will show a proper base change type result. For the most familiar statement, see paragraph 15. 71 
Let m be an integer such that p"^ > e/{p — 1) and i be a non-negative integer. Consider the 
following cartesian diagram of smooth schemes over i?j 




where h = g o f . Let Z be one of X, X , Y, Y . We denote by Zq the reduction of Z over k. 

(g\ ~ 
We assume that Zq possesses a smooth lifting Z over Ri. 

Lemma. — We assume that g is smooth. Then there is a canonical equivalence of functors 

(2.6.1) 9-of+^f'^o / : Dli^^P) ^ Dl{&^^\ 

This equivalence is compatible with raising levels and Frohenius pull-hacks. 
Proof. Let us first construct the following homomorphism: 

l^-D.^j / -^Y'^Y ^/i-isjt™) 3 -^Y^X ^ -^Y'^X' ^^(^) -^X'^X- 

For short, we denote by There exists a canonical homomorphism of rings g^^&Y &y'- 
Thus, we get a homomorphism /i~-^^y(g)^-i0yti;x'/y' — > f'^^Y'^Oy/^X'/Y' of{f'~^&Y',g'~^^x)- 
bimodules where ujx' /y' •= ^x' ® f'~^^Y'- We have the canonical section 1 (g 1 in !^x'^x — 

Ox'®f-^Oxf~^^x- This section induces a homomorphism /'~^^y'(g)C)y,tJx7y' ^ if'^^^Y'^Oy' 
^X'/Y') ®9x' ^x'-^x- Combining these, we get the homomorphism 

(3oa: h~^^Y ^h^Wy ^X'/Y' ^ if'^^Y' ^Oy, ^X'/Y') ^S^x' ^X'^x- 
This induces the homomorphism 

(2.6.3) f'~^&Y'^Y ^h-^^y g'^^Y^X ^ ^Y 
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Now, since /' ^S^y'^y is a flat right h -"^i^y-module, we get a quasi- isomorphism 



(2.6.4) 



From now on, we omit /' and so on, but we consider sheaves are on X' . Let us show that 



(2.6.5) 



^Y'^X' 



or in other wor 



(m) 



) = for i 7^ 0. When m = 0, the argument is 

standard using the Spencer resolution ^^x' ®^*xi jx °^ ^X'^-s-x 'where G^' jx denotes the relative 
tangent bundle oi X' ^ X (cf. |Be21 4.3.1]). Let us see the general case. Since the verification 
is local, we may assume that the schemes are affine and s = m. We get 



^Y'^X' 



(m) -^X 



'^X = ^Y'^. 



X\ 



^ 
Y'^X' 



^1°) ^) 
X'^X^ 



by |Be21 2.5.6, 3.4.2]. This reduces the verification to the m = case, and the claim follows. 
Combining (j2.6.3p . (I2.6.4p . (j2.6.5p . we get the desired homomorphism (j2.6.2p . 

By construction, (|2.6.2p is compatible with raising levels. Let us show the compatibility of 
Frobenius. We denote by relative Frobenius morphisms of the special fiber Xq etc. by Fx etc. 
Let us show that the following diagram is commutative where homomorphisms are isomorphisms. 
(2.6.6) 



^Y'[^Y'^Y ^ojij^) ^Y^X '^ojir^) ^X^x ) 



(m) 



■ ^Y' 



\-^Y'^Y 

Let ^ be a left 
tative diagram: 




Y'^X' ^oj(^) ^x>-,X ^oj'.JJ^) ^ X^x 

X' X 



^Ms) ^X^X^x 



X 



complex. By taking 



„(m+s) -^X'^X) 
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(m+s) ^ X^ X 
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(m+s) 



Fx^ , (|2.6.6p induces the following commu- 



Y 



(4' 



Y*^X 



(m) 



-*-y -*y<-x ) 



(m + s) Fx- 



^Y'K^Y'^X' ^s^L™) -^x'^x ^s^L") 

X' X 



^X' 



'^^('y+s) -^X 



'x'Xx) ^^(m+s) Fx^, 



which implies the compatibility of Frobenius. 

Let us prove the commutativity of (|2.6.6p . Since these complexes are concentrated in degree 
0, the problem is local on X' . Thus, we may assume that any scheme possesses a system of local 
coordinates, and the following diagram is commutative. 



Fx> 



X' 

r 



Y' 



X' 



Y' 



X 

__ 

■Y' 



X 



Fx 



Y 



Fy 
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Let^{ti}i<i<dx (rfsp. {ti}i<i<dx, {sj}i<j<dY^ {sj}i<i<dy) be a system of local coordinates 
of X (resp. X, Y, Y) such that F^(ti) = t1, Fp{s'j) = s'j. As usual, we use the notation 

dt, := dti A • • • A dtdx and so on. Let Hg. be the Dwork operator (cf. subsection I2.2p in 
corresponding to Sj, and we put Hs := Y['j=i ^Sj- Let xi, . . . ,Xd be a local coordinate of Y' 
over Y. This can be seen also as a local coordinate of X' over X. We denote by Hi the Dwork 
operator in ^^j^'^'^^ (resp. ^T"^*^) corresponding to Xj. We put //j: := Y[i=i^i- Using the 
convention of (j2.3.ip . let 

H := 1 (g) ((1 O P) (1 1 {dt,y (g) ds,) ® (Q O (^)) 

be a section of Fp,{&^\^~ ^^^^ O^c™) Fx^jf^)- To see the commutativity of OXBD . 

it suffices to show a(H) = /3(H). Let 5 := Y[i<i<d^i~^ ^i^i ^'^ ■ using Proposition 12. 5^ 

a{E) = (1 ® P° ■ HssT^^^-^ ■ H^xT^l"^^ ■ f (g {dt,y (g, ds,) {s^~^x^^- 1) ^ {Q ^ (p) 

= (1 ® P° • H.sT^I^^^ ■ f ® (di.)'' ds.) (g) *5 • (s^?-i 1) «) (Q 0) 
/3(H) = (1 P° . HsS-^^-^'^ ■ f ® (di.)^ ® f^s.) «> («-"- ^ 1) » (Q (8) 0) 

To show that these two quantities are equal, it suffices to see that the image of by the 
homomorphism ^x^^x 1 ® 1- To show this, it suffices to see that '^(l) = 1 in 

Ox'- Since the claim is stable under base change, we may assume that C G Ri- By definition of 
H, it suffices to show that 

^9 = 1 fc>0 

for any 1 <i < d. The sum is equal to 

E EK - i)'=(*"'r ') = ^ - = ^ = 

C9=l A: ^ ^ C''=l C'=l 

and the commutativity of (I2.6.6P follows. 

Finally, let us complete the proof of (|2.6.ip . We have 

g- o /+(^) := &Y'^Y g~^RU&Y^x ^ 

- Rfi{f-'&Y'-.Y ^l-i^^ g'-H^Y^X ^)) 

^ Rfii&Y'^x' S)x'^x g'-'^) = f'+ o /(^), 

where we used the flat base change in the first isomorphism. Thus, we get the isomorphism. ■ 

2.7. Consider the situation in 12.1111 Let us define the Tate twist (cf. jBePl 2.3.8 (i)]). Let ^ 
and are two smooth formal schemes, and suppose there exist smooth liftings J^' and of 

(s) (s) 

Xq and Yq where Xq and Yq are special fibers of and ^ as usual. Let * be one of 
JT', and A{*) be either or 45Q,qc(^i*^ Let 

G: Am ^ AiiV), a ■ A{^') ^ A{&') 

be Q-linear functors. Now, suppose given a equivalence of functors 
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The triple (G, G', ^) (we often abbreviate this as (G, ^) or even G if no confusion can arise) is 
called a cohomological functor with Frobenius isomorphism. The natural transform ^ is called 
the Frobenius isomorphism of the triple. Given (G, G',^) and an integer d, we define its Tate 
twist "^{d) of the Frobenius isomorphism by "^{d) := q~'^ • We often denote by G{d) the triple 
(G, G',^'((i)) for simplicity. 

Now, we consider the situation 12.1121 For a ^-module we denote a ^-module 
by the base change of ^ by using a. Let ^ be an F-&^^ ^-module (resp. complex). By 
definition, this is a j^-module (resp. complex) equipped with an isomorphisnJWl $ ; F*^'^ ^ 



For any integer d, we define an F-^^^ ^-module (resp. complex) ^{d) called the Tate 

twist of ^ in the following way. The underlying ^^k- ^-module (resp. complex) is the same as 
that of ^ . We denote by ^' the isomorphism F*^{dY — ?• {d) induced by the Frobenius 
structure of The Frobenius structure $((i): F*^{dY — >■ ^{d) of .^^{d) is by definition 
Now, let (G, ^') be a cohomological functor with Frobenius isomorphism. Then we get 
that G(^) is naturally equipped with Frobenius structure, and we get for any integer d that 
G{d){.^) ^ G{J^){d) ^ G{^{d)). 

Let (^, $) and (^,^') be two F-^^- ^-modules, and 99: ^ — )• be a homomorphism 

of Q-modules (where we do not consider the Frobenius structures). Consider the following 
diagrams where the left diagram is that of modules (or sheaves of modules) : 



Ml 
7 



-M2 

M4, 



First, pay attention to the left diagram. Let n be a rational number. We say that the diagram is 
commutative up to multiplication by n ii n- {/3oa) =doj holds. Now, changing the attention to 
the right diagram, suppose that the diagram is commutative up to multiplication by q^. Then 
we get that cp defines a homomorphism ^{d) — > jV as F-^'^^ ^-modules. 



3. Extraordinary pull-back and duality 

In this section, we prove a commutation result of the extraordinary pull-back functor and the 
duality functor. The result can be seen as a part of a "Poincare duality" in the theory of 
arithmetic ^-modules. For the explanation of this interpretation, see ^ By applying the 
commutation result, we get 

B^-,z(05f,Q(^^)) = Osr,Q{^Z){-d) 

where ^ is a. smooth formal scheme, Z is a divisor of its special fiber, and d is the dimension 
of ^ . Combining this result with a result of Caro, we are able to compare duality functors 
of arithmetic ^-modules and that of overconvergent isocrystals with Frobenius structures in a 
precisely way. At the last part of this section, we compare the rigid cohomologies and the 
push-forwards in the theory of arithmetic ^-modules. 

The definition of Frobenius structure here is slightly different from that of [Be21 4.5.1] in the sense that in 
loc. cit., $ is an isomorphism ^ Since $ is an isomorphism, it causes no difference. We adopted our 

definition to make it easier to see the compatibihty with the definition of Frobenius structure of F-isocrystals. 
See also [loc. cit., Remarque 4.5.1]. 
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3.1. We consider the situation I2.1ll[ Let ^ he & smooth formal scheme, and Z he a divisor 
of its special fiber Xq. In this situation, we say that {^,Z) is a d-couplM- Let , W) he 
another d-couple. A morphism of d-couples /: , Z) (3^, W) is a morphism of special fibers 
/q: ^0 ~^ such that /{Xq \ Z) C Iq \ and f~^{W) is a divisor. A strict morphism of 
d-couples / is a morphism f : ^ '3^ whose reduction on the special fiber is a morphism of 
d-couples. We say that the morphism /o (resp. /) is the realization of the (resp. strict) morphism 
of d-couples /. 

For a d-couple ,Z), let us review the definition of the dual functor 
We note that there exists the canonical equivalence of categories 

by |NH2l 3.2.3]. Let d he the dimension of For a perfect Q(^Z)-complex we define 
the functor Ox,z by 

For fundamental properties of this functor, see |Vi] . Here, we only note that this functor 
commutes with Frobenius pull-backs, and induces an equivalence between the derived categories 
of perfect complexes (with or without Frobenius structure). 

Let Z) and {^V, W) he d-couples, and let /o : — )• lo be a morphism such that /o(^o \ 
Z) C ^0 \ W. Assume that /o is smooth. Then fo^{W) is a divisor, and in particular, /o 
induces a morphism of d-couples /: {^,Z) {^.W). The functor f^. Dl^^{^pj^{W)) 
^coh(^i%Q(/"HW^))) is defined in [Bill 3.2.3 (ii)] and [Ml 3.4.6]. By taking the inductive 

limit as [Ml 4.3.3], we have the functor : D^^^i^l ^^{^W)) ^ DI^^{&^^ ^^{^ r\W))) . We 
define the functor 

f- : DUi^PliW)) ^ dU{§^^^^^{Z)) 

by (Z) o where {Z) denotes the functor tensoring with ^^^(Z). By taking the inductive 
limit, we also get a functor f-:Dl^,^{&l^^{W)) ^ D^^^i^^^^ ^^{} Z)) . 

3.2. Let m be an integer such that > e/{p - 1) (cf. [Be2l A.4]). We denote B^^\z) and 
SPiZ) (cf. [Ml 4.2.4]) by and , B^^^^P by , and lir^^ ^P{= ^^OZ)) by 

We put ojs- ■■= B^^Ox^x- We denote by D^^iSl^) (* G {-,6}) the full subcategory 

of D*{§P) consisting of quasi-coherent complexes (cf. [Belj 3.2.1]), and Dq^^{&'p) by the 

category obtained by localizing L)*j,(^^^) with respect to isogenies (cf. [Bell 3.3.2]). Finally, 
we denote by D*{^) (* € {+, — , b}) the derived category of iZ-modules on . 

Lemma. — Let ^ be a smooth formal scheme. Let ^ be a complex in D^^^^{&Pf^^, and 
be a complex in (&P)^ . Then the complex ^(8'g(m) ^ is bounded. 

Proof. We will use the notation of SGA6 Exp. I. Since -Dp^j-f C -Dftd by 10.31 we may assume 
that parf-amp(^) C [0, a]. Let n he an integer such that Jf'*(^) = for i < n. It suffices to 

'^'TMs "d" stands for divisor. 
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show that J^'^{^®s{m) ^) = for i < n — 1. Since this is local, and we may assume that 3^ 
is affine. We will assume ^ to be affine in the following. 

For a positive integer r, we say that a finitely generated ^f^^-module ^ is r-nearly projective 
if there exists a ^^^™^-module cS, an integer 6, and a short exact sequence — > ^ © cS — > 
(^^^)®^ — ;> ^ — ;> such that ■k'^M = 0. For any finitely generated projective ^^^l^^-module 
there exists an integer r and an r-nearly projective -module ^ such that (g) Q = 

This shows that there exists a complex of r-nearly projective -modules concentrated in 
[0, a] such that (8iQ is quasi-isomorphic to ^ . Thus, it suffices to show that for any r-nearly 
projective ^^-"-module 3^ and ^ G Dl^^{&^^^) such that *(^) = for i < n, we get 

= 

for i < n—1. Since ^ is r-nearly projective, w'^ (^\^^^ ^) = for any i < n. This shows 

that 

w'je'i^j ^) = 

for any j and i < n — 1, where := 0r Rj. Now, it remains to take R^l x*, but since this 
functor is a right derived functor, we get the claim. ■ 



3.3. Now, let us state a key proposition in this section. Let ^ he a smooth formal scheme, 
and .3^' be a smooth lifting of Xq'^K 

Proposition. — Let ^ he a complex in Dpcrii^^x^'^q)^ ' '^^^ ^ ^ complex in ojy^^x^^^ ■ 
We denote .z by D. Then there exists the following quasi-isomorphism in D^{^) 

RUom-in.) {E^:p\,I}{J()^\^) ^) ^ RUom^j^) (^,^). 

Let be a complex in -Dpg^.^ (^^^q)^, and ^ be a complex in ^^{&^})^ . Consider the 
following diagram: 

RUom^^^^) {B^PqM^)®\^) ^) 5 ^Rnom~^m) {^,^) 

RUom^.^+s) iBpt;\DiF*^)^%r^+.)F*^) ^ i?1^om (F*^, F*^) 

where the vertical homomorphisms are canonical isomorphisms of complexes which are defined by 
the theorem of Frobenius descent |Be2( 4.1.3]. This diagram is commutative up to multiplication 
by q'^ where d denotes the dimension of . 

Remark. — We note that the complex RT-Lom-jm) (-S^I^L, II])(^)®&{m) J/') makes sense 
thanks to Lemma |3.2[ 

The proof of the proposition will be given in paragraph 13.81 and we will start preparations of 
the proof from the next paragraph. Unless otherwise stated, , ^ are not the sheaves 

in the proposition. 



19 



3.4. First, we will prove the following small lemma. 

Lemma. — Let ^ he a complex in Dq^^^{!^^^^) and ,JV he one in Dq^^{^^^^^). Then, there 
is a canonical isomorphism 

Horn , ~(™)^(^,^) ^Hom~(,„) (^,^). 
Proof. For ^ and ^ in L>^_q^(^5"^), we define 



RUom , ,,^(™).(^,^) ■.= RHom~,^){^,<^)®q. 

There exists the canonical homomorphism 

Rnom^ ~j^) {^,,yV)^RUom^(m) (g) Q, ^ (g) Q), 

and it suffices to show that this is an isomorphism. Since the problem is local, we may assume 
that ^ is affine. It suffices to show the claim in the case where ^ is projective. Since ^ is 
a direct factor of (^^■')®"' for some n, we are reduced to showing the case ^ = S>^^\ In this 
case, the lemma is straightforward. ■ 

3.5. To compare Frobenius pull-backs, we need to construct a certain isomorphism in D~(^). 

Let ^ be a complex in Dperd^^^/^ q)'^ by p.6.1|) ). and ^ be a complex in 

The isomorphism we will construct is the following: 

(3.5.1) ^ ^ ®^(™+., F*^. 



Let be a smooth formal scheme, and let ^ he a complex in Z)pgj.f (^^q)^, and he a complex 
in Z)~(^^q)s. First, there exists an isomorphism D'^ oB'^(^) = where 

D'i(^) := Rnom^.m) (^, i^A) ® 

by [VTt II, 3.6]. Using this, we get 

^ ^ ^ RUom~.m) (ID)'i(^), ® w.^) ^ 

^ R-Hom-i^^) {B>'^{^),ojoj ® ^) 

where the second isomorphism is by [Ca3l 2.\.Yl (i)]. Now, we define (j3.5.ip in the following 
way: 

^ ®~(™) = RUom-j^^ (D'^(^), ® J^) ^ Horn (F^D'^(^),F^(wr' ^ -^)) 



Here the second isomorphism follows by the theorem of Frobenius descent. 
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3.6. We will construct the homomorphism ^ in the proposition step by step. Let Qg- be the 
tangent sheaf on and we put 0*^- := f\^Qx- First, note that there exists the Spencer 
resolution 



(3.6.1) 



This can be seen in exactly the same way as the proof of |Be21 4.3.3]. Indeed, 'S^q'SD^^p is flat 



over 



. Since B 



is noetherian, the p-adic completion is flat over B 



Thus, is flat over ^^q- It remains to show that ^^q(8)^(o) 

is straightforward. This shows that B^^^n is perfect as a complex. 



= -B^Q, whose proof 



Let ^ be a bounded 



•complex. We have the following quasi-isomorphisms 



RTiom^im) (S^Q,^) = RHom^im) {B' 



2 



where the first isomorphism holds by |Ca31 2.1.17], and the second by (|3.6.ip and jBell (3.5.5.1)]. 
Now the point where we need to use the explicit computation of Frobenius isomorphism of 
is in the proof of the following lemma. 



Lemma. 



Let 



^ he a complex in D^{S>^^}i^. Consider the following diagram in D^{^). 



(3.6.2) 



Rnom^^im+s) {B^I^t!\F*^) 



ar',Q 



■^XM ®|(™+.) F*^[-d] 



Here the right vertical homomorphism is (j3.5.ip composed with the canonical isomorphism F'^ujr^i '- 
UJ,sc, and the left vertical homomorphism is induced by the functor F* . Then this diagram is 
commutative up to multiplication by q'^ . 

Proof. Let G be the functor l-Lom~im+a) {F* B^!I^} in, •) , and G' be the functor T-Lom^(m+s) {B'^^t^^ , •) 

By (I3TO . R'G and R'G' vanishes for i > d. We define a functor H to be R'^G, and H' to 
be R'^G' . The canonical isomorphism F*B^^-)q — > B^^~^^ induces an isomorphism of functors 
H ^ H'. By [Hal I, 7.4], we get the following commutative diagram of functors. 



RG- 



RG' 



LH[-d] 



LH'[-d] 



We note that flat 



^^Q*^-modules belong to the set P of loc. cit. For a flat i^^"^*^ -module 



we get a canonical isomorphism H{l^) = F*uj^' 



"9 



which induces canonical isomorphisms of functors LG = F oj^of- 



(m + s) 



0^ and H'i^)'^ uj,r ^, 

5|(„+.),and LG'^Z:x®\^^.y 
sc Si a:,Q 
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Consider the following diagram: 



-d] 



Rnom^(^+s){F*B^P^^,F*^) ^LH{F*^)[-d] ^F^^^, F*^[-d] 



R Hom-jm+s) (^^L F' 



■LH'{F*J^)[-d] 



where all the arrows are isomorphisms, and O denotes that the marked square is commutative. 
Thus, to show that the big diagram is commutative up to some multiplication is equivalent 
to showing that the diagram is commutative up to the same multiplication. Since the 
homomorphisms of the diagram are induced by a diagram of functors between iJ, i?', 
F*u)x'®-, it suffices to show the commutativity up to the same multiplication for this 

diagram of functors. Thus the problem is local. 

We may assume that is afhne, and possesses a system of local coordinates {yi, . . . , yd}. 
Moreover, we can take a system of local coordinates {xi , . . . , x^} ^ and a lifting F: ^ ^ ,9^' 
of relative Frobenius morphism such that F*{yi) = x^. Under this situation, let us show that the 
diagram is commutative up to multiplication by q'^. From now on, we do not make any difference 
between quasi-coherent modules and its global sections. It suffices to show the commutativity 
in the case where ^ is flat over ^^'*q- 

Let F^ : Q^f- — > F*Q^a^i be the canonical homomorphism. We have the following homo- 



1 • /^i^+s) 

morphism ^ 



qxl 



(3.6.3) 



qx'^ ^{dxi^ A • • • A dxi^)). This defines, in fact, a homomorphism of complexes 



ei- G^,) sending P ® {dy,, A • • • A dytj to P • (1 



X(m+s) 



by the proof of |Be2t 4.3.5]. It suffices to show that the diagram of modules 



X' 



F\ 



■^X ®o/m) F* 



is commutative up to multiplication by g'^, where the left vertical homomorphism is induced by 



q-l 



(j3.6.3p . Since the right vertical homomorphism sends {dyi A ■ ■ ■ A dyj) ® m to x\ ' . . .x^ 
{dxi A • • • A dxd) (8) (1 (8) m) by using Proposition 11.51 and Theorem 11.71 we get the claim, and 
conclude the proof of the lemma. ■ 



3.7. We have the following lemma whose proof is similar to that of |Ca31 2.1.27], and we leave 
it to the reader. 

Lemma. — Let .jV he a complex in D~^{^^^^)'^ , and ^ and j^' he two complexes in 
L»- (^J'^)s. Then there is a canonical isomorphism 
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3.8. Proof of Proposition E3] 

Here, we use the notation in the proposition. We apply Lemma 13.61 to B(^)(8)s(m) jV . When 
we omit bases of tensor products, they are taken over -S^^q. Then we get isomorphisms 

where the first isomorphism is the one in paragraph 13.61 the second isomorphism is defined by 
Lemma [321 and we used the fact that ^ is a perfect complex in the last isomorphism (cf. |Ca3l 
2.1.12, or 2.1.17]). This is nothing but ^ that we are looking for. The second, third, and the 
last isomorphisms are compatible with Frobenius. Thus the statement of Frobenius follows by 
Lemma 13.61 ■ 

3.9. Let ^ be a smooth formal scheme. We denote by -Dpg^f(^^ Q) the full subcategory of 
-^perf(^jr q) consisting of a complex ^ such that there exists a complex in -Dpcrf (^x'q) 
for some m and an isomorphism ^ ®^,(m) = ^ ■ 

Lemma. — Assume that X is quasi- compact. For any complex in -D^oh(^j^Q)' ^^^^^ 
exists an integer m' > m such that ®(^(^) -^perf (^^'q)- -^^ particular, we have 

the canonical equivalence of categories 

Proof. Let us see the first claim. Since ^ is quasi-compact, the problem is local, and we may 
assume that ^ is affine. Since ^ is affine, we can take ^ to be a bounded complex such 
that each term is a coherent ^^Q-module. For m' > m, we denote := ^J^'jJ ^ and 

:= Q ^ . Now, there exists a bounded finite locally projective ^-complex ^ and 

a quasi-isomorphism of complexes (/9 : =Sf — > since q has finite Tor-dimension by the 
result of Noot-Huyghe in |NH2j . For a sufficiently large m', this complex can be descended to 
level m! . Namely there exists a bounded locally finite projective ^^^-complex ^("^ ) and a 

homomorphism of complexes Lp' : _^(™') — > ^("^') such that q'^'/'' — V'- The homomorphism 
may not be a quasi-isomorphism, but since the complexes are bounded and each term is 
coherent, there exists m" > vn! such that the homomorphism ^ (8) if' becomes a quasi- 
isomorphism, which concludes the proof. The latter statement follows from [Belt 4.2.4]. ■ 

Remark. — We do not know if Dp^j.£(^^- and D^^^^{&\j^- coincide or not in general. 

3.10 Theorem. — Let f : , Z) — > ('3^,W) be a morphism of d- couples whose realization is 
smooth. We assume that X^'^^ and Yq''^ can be lifted to smooth formal schemes and IV' . Let 
us denote by d > the relative dimension of Xq overYo. Then there is a canonical equivalence of 
cohomological functors from D^^^^{&1^ (q(^^)) -^pcrf (^*; (q(^-^)) Frobenius isomorphisms 

(3.10.1) (B^,z o f-){d)[2d\ ^ /■ o D.^^iy. 
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Proof. Let ^"l" be a complex in D'^^^^{^^ q). Then by definition, there exists ^ in D'^crfi^^^q) 



for some m and n ^^(m) — ^ • First, let us define the homomorphism. By Proposition 
13.31 we get a homomorphism Hom~(m) (^,^) ^ — Hom~(m) (iS^I"!, B(^)(8)^). By Lemma [3^ 
and the functoriality of the extraordinary pull-back functor /•, we get 

Hom.(„) (^g"Jj,D(^)g^) ^ Hom~(„) (/'fiJ^J., /'(D(^)§^)). 

This homomorphism is compatible with Frobenius pull-backs by the functoriality of the isomor- 
phism [Bi2l 3.2.4]. We get /'-BJ^'q = ^^^^qidf]. Moreover, /■(B(^)®^) ^ /■oB(^) g /■.^'[-d/]. 
This isomorphism is also compatible with Frobenius pull-backs. Thus we get 

Hom~(,„) (/!^J^)j,/'(D(.4^)g^)) ^Hom~(,„) iB%[df], foi-^) ® f^^[-df]). 

Now, using the proposition once again, we get an isomorphism 

Hom~(„, (05"brff],/'lD)(^) ® /'^[-df]) ^ Hom~(„, (D/^^, /'D(^)[-2(i/]). 

Composing all of them, we obtain a homomorphism 

Hom~(™) {Ji.Ji) Hom~(^) (D/'^, /•]D)(^)[-2df]). 

The image of the identity is the homomorphism we wanted. By using [BeH 4.3.3, 4.3.11], we get 
the following diagram. 

Hom~(™) {J^.Ji) ^Hom~(™) (B/''(^), /"D(.^)[-2d/]) 



Hom~{„) (F^J^.F^J^) ^Hom~(™) i^f(FlJ{),f'^{FtJi)\-2dt\) 

This diagram is commutative up to multiplication by q~'^'^ ■ q'^^ = q'^f by the commutativity 
of Proposition 13. 3[ Thus we obtain the homomorphism D o f'(^)(df)[2df] — > o B(^). By 
tensoring with q, we get 

B o f-{^^){df)[2df] ^ f-o D(^t) 

by using |BeH 3.4.6 (iii)] and [Vij 1.5.4]. By construction, this does not depend on the choice of 
It remains to show that this homomorphism is an isomorphism when / is smooth. 
It suffices to show the equality for ^ = '3))^ q, and we can forget about Frobenius pull-backs. 

We get i??{om~^^(^J,.^^^Q,f ^t^._Q)[dj] ^ ^^^^-^q. Indeed, 



J^i-^^,Q> ^i-,Q)M/] = J^i-,Q ® Q'xi^. M/] 



Thus, we get 

Bo fi^l^^)[2df]^B{^l^^^Q)[df] 

We can see that this isomorphism coincides with the homomorphism we have constructed, and 
the theorem follows. ■ 
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Remark. — We may be able to weaken the assumption of the theorem. The theorem should 
hold only by assuming that Xq \ Z ^ Y()\W is smooth. Moreover, we may be able to see the 
theorem as a solution of a part of "Cauchy-Kovalevskaya type problem" . Classically, this obser- 
vation first appeared in Kashiwara's thesis |Kaj , and the problem was interpreted in terms of the 
language of ^-modules. We expect that the analogous theorem also holds in our setting: if the 
morphism / is "non-characteristic" to a coherent F-^^ ^-module, then we get the isomorphism 

3.11 Corollary. — Let ^ be a smooth formal scheme. Let d be the dimension of X , and Z 
be a divisor of the special fiber of ^ . Then we get a canonical isomorphism 

where d denotes the dimension of . 

Proof. Apply Theorem 13. 101 in the case where = Spf(i?). ■ 

Remark. — The question to calculate D(C',3>:-^q) was posed by Caro in |Ca5l 4.3.3], saying that 
"ii'n effet, lorsque X = P, on retrouve Visomorphisme canonique: np^T{Op(^T)Q) — )• Op(^T)q. 
Je n'ai pas de contre-exemple mais la compatibilite a Frobenius de ce dernier isomorphisme me 
parait inexacte." 

3.12. Let ^ he a, smooth formal scheme of dimension d, Z he a, divisor of the special fiber Xq 
of ^ . For an overconvergent F-isocrystal M on Xq, we denote by the dual overconvergent 
F-isocrystal of M. 

Corollary. — Let sp: ^ be the specialization map, and let M be an overconvergent 

F -isocrystal on Xq \ Z . Then, 

(D^:-z(sp,(M))^sp,(M^)(-d). 

Proof. Apply Corollary EH] to (C^ 2.3.37]. ■ 

Remark. — This corollary completes the comparison of L-functions of isocrystals and arith- 
metic ^-modules |Ca21 3.3.1]. Namely, we get 

L{Y,E,t)=L{^,sp,E, q''^ -t) 

using the notation of loc. cit. However, in loc. cit. the definition of the Frobenius structure of 
the push-forward is modified in order to make the relative duality compatible with Frobenius 
(cf. |Ca2|, 1.2.11]), and the definition may not be the same as that of Berthelot. Still, we will 
show that this duality is compatible with Frobenius in the next section (cf. Corollary I4.14p . and 
the Frobenius structure of the push- forward is in fact the same as that of Berthelot. 

3.13. Now, we will compare the rigid cohomologies and the push-forwards of arithmetic 
modules with Frobenius structure when varieties can be lifted to smooth formal schemes. If we 
do not consider Frobenius structure, they coincide up to shifts of degree, which is a result of 
Berthelot (cf. \Bel\ 4.3.6.3]). If we consider Frobenius structure, we need a Tate twist. This 
twist naturally appears in the philosophy of six functors (cf. paragraph 15. 9p . 

Let us fix the notation. We consider the situation 12. 1121 Let ^ he & smooth formal scheme 
and let p: ^ -^5^ := Spf(i?) be the structural morphism. Let Xq he the special fiber of 
^ as usual, he a lifting of Xq \ and he the Raynaud generic fiber. We denote by 
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sp : I%^K ^ the specialization map of topoi. Let ^ be an i^-^^- ^-module. We define tlie 
"rigid cohomology" of ^ in the fohowing way. Let "PK '■ — ^ Spm(i^) be the structural 
morphism. We define 

We define the Frobenius structure in the following way. There exists an isomorphism 

in D^i^Bi^') where the first isomorphism follows from |Be21 4.3.5] and we used the Frobenius 
structure of ^ in the second isomorphism. Thus, we get an isomorphism 

where the first isomorphism is the base change homomorphism. This is the induced Frobenius 
structure on the cohomology. 

Suppose moreover that ^ is smooth proper and let Z he a divisor of Xq. When M is an 
overconvergent F-isocrystal on Xq \ Z along Z, the rigid cohomology of sp^(M) is isomorphic 
to the usual rigid cohomology of M. 

3.14 Theorem. — We preserve the notation. We suppose that ^ is purely of dimension d. 
Let ^ he a coherent F-Ql\^ ^-module. Then we get 

H'p+.^^Hi+\X^,J^){d). 

Proof. Let be a coherent ^-module, and consider the following diagram of complexes 
in L>^( JT). 

where the horizontal arrows are induced by |BeIl 4.2.1.1]. We need to see that this diagram 
is commutative up to multiplication by q^. Indeed, this diagram is nothing but Lemma 13.61 bv 
taking into account the proof of |Be21 4.3.5]. 

Now to know the Frobenius actions on the cohomologies, apply to be .M'^ . We only need 
to take Rp^ to the four sheaves in the diagram with this and we get the theorem. ■ 

3.15 Remark. — (i) We can also compare in the relative situations. Namely, when we are 
given a smooth morphism of smooth formal schemes J?r ^ we are able to compare the 
relative rigid cohomology and the push-forward as arithmetic ^-module. Required methods are 
exactly the same, so we leave the precise formulation and calculation to the readers. 

(ii) In |NHH 6.2], Noot-Huyghe cited a calculation of Baldassarri-Berthelot |BBj . However, 
the definition of Frobenius structures in |NHlj and |BBj are not the same, and we need a Tate 
twist here. Precisely, Noot-Huyghe used cohomological functors of the arithmetic ^-module 
theory to define the Frobenius structure. On the other hand Baldassarri-Berthelot used the 
relative rigid cohomologies to define the Frobenius structure on the Fourier transform. Thus we 
need to add the Tate twist (A^) on the right hand side of the isomorphism in |NHH 6.2], namely 

T.{o\^^)\2 - AT] - n^l(p\,. ^^)(X) 
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using the notation of loc. cit. 

(iii) D. Caro pointed out to the author in personal communications that we need a suitable 
Tate twist in |Ca41 Proposition 2.3.12]. If we put this Tate twist, this proposition can be seen as 
a generalization of our theorem. He also pointed out that some modifications might be needed 
in loc. cit. Theorem 3.3.4, in whose proof he used the proposition. 

4. Complementary results 

In this section, we will prove three complementary results; 1) commutation of the dual functor 
and the tensor product, 2) the Kiinneth formula, and 3) the compatibility of the relative duality 
isomorphism by Virrion with Frobenius. The first commutation result is another application of 
Theorem I3.14|, and the proofs of 2) and 3) are independent from the other part of this paper. 
Although the Kiinneth formula for arithmetic ^-modules seems to be well-known to experts, we 
could not find any appropriate reference. We think that this would be a good occasion to include 
the proof. The compatibility of relative duality is needed to establish the Poincare duality. 

Commutation of the dual functor and tensor product 

4.1. We consider the situation 12. 1111 Let X be a smooth scheme over Spec(i?j) for some i, and 
let Z he a divisor. We put := I3^^^iq{Z), and i^^Q := ^^^qCSoo^ We denote the 

dual functor with respect to i^^Q by B. First, we get the following lemma. 

Lemma. — Let he a complex in -Dppj.£(^^Q), and ,JV he a coherent ^^^^^i^-module which 

is also coherent as a B^^^^-module. We denote the dimension of ^ hy d. Then, we have the 
following isomorphism 

of complexes in Z)^(^^lj). Here, the right module structure of ^^^'^q '^^(m) ^ defined hy 
' ' ' ' ' ' ^ar,Q 

that o/ ^^Q, and the left structure hy \Be2\ 1.1.7]. Moreover, this isomorphism is compatihle 

with Frohenius. 

Proof. By [Bell 4.4.2], ^ is a locally projective ,B^Q-module, and we do not need to take 
the derived tensor products. Let be a right ^fl"L-module. Then (Eierm) ^ possesses 

a right i^j"^Q-module structure. Indeed let be an affine open formal subscheme of Let 

M' := r{^,^'), N := r('^,^), B := r{^,B';^^Q), and D := r(^,^j!^Jj). Then it suffices 
to define a right D-module structure on M' ®s A^. For a (8> 6 G M' A and P € D, it suffices 
to define (a(8>6) • P. Take S C M' to be the finite T{'^ , ^^L)-submodule generated by a. Then 
S ® N is naturally a L'-module considering |BeH 4.4.7] and |Be21 1.1.7]. This defines (a(8>6) - P. 

Now back to the proof, by using |Vil I, 1.2.2], we get an isomorphism k of complexes in 
D^{B^^^q). It suffices to show that this isomorphism is an isomorphism of ^^^-complexes. For 
a bi-^^^-module J^, we have a canonical homomorphism 

T-Lom^(m) (^, ^) (8)i?{m) ^ T-Lom^^m) [ Ji, J" (8>&{m) Ji^). 

X M "ar,Q X M "x,Q 
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A priori, this is a homomorphism of B\f-- Q-modules. By the argument above, both sides of the 
homomorphism possess the right ^^Q-module structures. To finish the proof, is suffices to see 
that the homomorphism is i^^Q-hnear. The verification is straightforward. ■ 

4.2. Now, consider the situation l2.1l2[ Let ^ he a smooth formal scheme over Spf(i?), and Z 
be a divisor of the special fiber. Let be a coherent F-^^- Q(^Z)-module which is also coherent 
as an O ^f: Z)-module. By abuse of language, we say that ^/K' is a convergent F-isocrystal 
overconvergent along Z (cf. Notation [03]). We put N' := sp*(^'), which is an overconvergent F- 
isocrystal in the usual sense. Then thanks to Corollarv 13.121 we get the following isomorphisms 
of bimodules. We omit subscripts Q and denote by (Z) instead of Z) in the next equality to 
save the space. 

(4.2.1) 

Here the right module structure of the first module is defined by [Be21 1.1.7] using the right 
module structure of &lf^Q{^Z), and the left structure by using that of ^^•q(^Z). This is 
compatible with Frobenius, which means that the following diagram of canonical isomorphisms 
is commutative. We again omit Q and denote by {Z) in the following. 



Here the homomorphisms are the canonical ones except for the right vertical homomorphism, 
which is q~'^ times the canonical homomorphism. 

Let ^ be an object in F-D'^^^^{&^^- Z)). We get the following isomorphisms compatible 
with Frobenius structures: 

(4.2.2) B,r,z{^) ^ a^,,(tz)-^' " ^^°"^5*t^- ,(tz)(-^' ^t,Q(^^) ^ L-,Q{tz)-^') ® ^.r N 
^ Rnorn^t^^^,^^{^,Rnomo^_^(^tz)i^3r,zi-^')^^S-,QCz))) ^^~iH-d)[d] 

= ^^om^t^^^(t^)(^®t^^^^(,^)D^,z(^'),^i-,Q(^^)) ® 

^0,r,z{^®o^,^(^z)^"^-M^'))i-d) 

where the first isomorphism by Lemma l4.ll the second by (|4.2.ip . and the third by using \Ca3\ 
2.1.34]. Now, we get the following proposition. 

4.3 Proposition. — Let ^ be a smooth formal scheme over Spf(i?), and Z be a divisor 
of its special fiber. Let M be a coherent F-^^^ Z) -module, and JY be an overconvergent 
F-isocrystal along Z. Then we get 

(4.3.1) iB,r,z{-^) ® ^^^^.^^^,^^0,r,zi^))id) = ^x,z{^ ® L,Q(tz)^) 

which is compatible with Frobenius structures. 
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Proof. Take ^yV' := Dx^zi'^)^ and the isomorphism (j4.2.2p induces the isomorphism we are 
looking for. ■ 

Remark. — We are not able to expect the isomorphism (|4.3.ip in general. For example, 
consider the closed immersion i: {0} ^ A/j. Then taking = ^ = i+K, we do not have such 
an isomorphism. 



The Kiinneth formula 



4.4. Now, we will show the Kiinneth formula. The ideas used to show the formula is due to P. 
Berthelot. Let S* be a Z(p)-scheme, and X, Y, T be smooth formal schemes over S. Consider 
the following commutative diagram: 



(4.4.1) 




where Z = X x^Y. Suppose that px and py are smooth. 



4.5. Let Bt, (resp. Bx, By) be a commutative Or-algebra (resp. ^^c^T-algebra, gy;By-algebra) 
endowed with an action of (resp. ^^^) compatible with that of Ot (resp. Ox, 

Oy). For a ;Bx-module ^ and a ^y-module ^, we put ^ ^ ■= ®p*Bt Qy^ ■ Let 

Bz ■■= Bx ^Bt ^y- We put f i""^ := 0* O ^i"^ where * G {X, y, Z}. We note that is a 

sub-O^-algebra of We get the following lemma. 

Lemma. — We preserve the notation. 

(i) There exists the canonical isomorphism 

(ii) There exists the canonical isomorphism 

Proof. The natural homomorphisms g^^j^^ S)'^^^ and qy^y^^ Q^^^ induces the homo- 
morphism q\3i'^^^ '^p*;?'™' Qy^^^^ — )■ ^^'"^ To see that this is an isomorphism, we may assume 
that T possesses a system of local coordinate and X and Y possesses a system of local coordinate 
over T. Then proof is straightforward, and we leave the reader for the detail. Let us see (ii). 
We know the following isomorphisms 

^Z/T — Q*X^X/T ®Oz Qy^Y/T- 

We get 

^T^Z =P '^Oz ^Z/T 

= {q*xP*X^t"'^ qYP*Y^T"'^) ®Oz iq*X^X/T ® q*Y^Y/T) 
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4.6 Lemma. — Let be a left flat -module, and .jV he a lefl flat -module. Then 
we get that ^ ^ fl'^^ ^^ft ^^"^ -module. 

Proof. In the case where T = Spf(-R), the verification is left to the readers. To see the lemma, 
since the verification is local, we may assume that T is affine. Let i: Z = X XtY ^ W := X xY 
be the canonical inclusion. Since T is separated, this is a closed immersion. By the T = Spf (i?) 
case, we get that ^ ^ is a flat ^^^-module. We put ^^"^jy := i*^^^, which is a 
(^J"\i-^^^^)-module as usual. Let ^ be a right ^|"^-module. Then we get 

^ ^Bt ^) = i'^ ^s^(^) ^tlw) ^"'(-^ 

Since ^^"^^^ is flat over and ^ KI5 JV is flat over '2)^^ , we get the lemma. ■ 



(m)^ 



Using this preparation, we get the following Krinneth formula. 

4.7 Proposition. — We 'preserve the notation. Let (resp. ) he a complex in D~^{S! 
(resp. D~^{&^^)). Then we get a canonical isomorphism in D~f.{2i!^^) 

(4.7.1) p+(^ ^) ^ px+{^) ^^Br PY+{^). 

Proof. Let (resp. ^) be a quasi-coherent ^j^^-module (resp. ^-^^-module). Then by Lemma 
31 we get a canonical isomorphism of -modules 



T 

(4.7.2) ^Bt ^) = (4^ X ^Br {^tly ^) • 



Let be a flat resolution of ^ as a ^(^^ -module, and be a flat resolution of W as a 
-module. Then we get that ^ i^^™''-module for any i and j by Lemma 



T6l Thus we get 

^Br ^) = ®^('") (-^. '^.) 

-^z z 

By using the Kiinneth formula for quasi-coherent sheaves, we get the proposition. 



4.8. Now, let us consider Frobenius. Suppose T is endowed with a quasi-coherent m-PD-ideal 
(a, b,a), and p € a. With this hypothesis, we are able to consider Frobenius pull-back even if 
there are no liftings of relative Frobenius morphisms. 

Lemma. — Suppose that Xq and Yq he the reductions of X and Y respectively, and X' , Y' 
he liftings of x'^\ yI^^\ We take Z' := X' XxY' . Then the isomorphism ()4.7.ip is compatihle 
with Frobenius isomorphisms. Moreover, if a is m-PD-nilpotent, it is compatihle with Frohenius 
isomorphism even if there are no liftings. 

Proof. The verification uses only standard arguments, so we leave the details to the readers. ■ 
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4.9. Finally, by taking inverse limit and inductive limit, we get the following Kiinneth formula 
for ^I'-modules. 



Proposition. 



Consider the following diagram 
^^^^ 

sr 



where S' is a smooth formal scheme, px and py are smooth, and 3f := x^r 3^ . Let D 
be a divisor of the special fiber of ST , Dx (resp. Dy) be a divisor of the special fiber of 3^ 
(resp. '3/) such that Dx D p^^{D) (resp. Dy D Py^(D)). Let ^ (resp. JV ) be a complex in 
LD^n r^ri^^p (Dx ) ) (resp. LJ^q ^^{^^a^\Dy)) ) . Then we get the canonical isomorphism 

L , L X 

I T A/-\ rvj / ^\ ^ T 



in LJ^Q (^(.{^^\d)) . This isomorphism is compatible with the Frobenius isomorphisms. 

4.10 Remark. — To get the proposition directly, we can also proceed as follows. Consider 
the following cartesian diagram. 



3' 



■sr X sr 



We see easily that q+{^ ,yV) ^ q+{J() ^o^x^ Q+i^)- Let ^ := Spf(i2). By using this 
and (Uall 2.1.9], we get 

ir+p+i' ^ ^y^) = iT+i'T(.Qx+-^^ yqY+^) = iT+{qx+-^ 
Taking H^Vrp, we get what we want. 



qy+JlT). 



Compatibility of Frobenius pull-backs with relative duality 



4.11. We will show that the relative duality homomorphism by Virrion is compatible with 
Frobenius pull-back. 

First, let us fix the situation. We consider the situation 12.1111 Let /: — > be a proper 
morphism of smooth formal schemes, and be a divisor of the special fiber of '3^ such that 
Z := f~^{W) is a divisor. Under this situation, Virrion |Vi2| defined the trace homomorphism 

(4.11.1) Tr+j: f+LO^^Q[dx] -^ug^^qldy] 

where dx and dy denotes the dimension of ^ and "3^. Using the trace map, for an object in 
-^pcrf(^lr qO ^))' she also constructed the relative duality isomorphism 

(4.11.2) X- n^^,wf+{'^) ^ /+lD,r,z(^) 

in D^^^f{!^^ ^(^W)) (see also |Ca2l 1.2.7]). Now, we assume that there exist liftings and 
'3^' of -'^^o*^ and 1^^*^ where Xq and Yq are special fibers as usual. We also assume that there 

exists a lifting /': — t- "3^' of the morphism Xq^'^ — > Yq^'^ induced by /. These assumptions 
automatically hold when we consider the situation 12.1121 
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4.12. Before stating the theorem, we wih prepare a commutative diagram, which is needed in 
the proof of the compatibihty. We freely use the notation of |Haj . Let X, X' , Y , Y' be locally 
noetherian schemes. Suppose we are given the following commutative diagram. 

/' 

X'^^Y' 



X^Y 

We assume that all the morphisms are proper, u is finite flat, and all the schemes admit dualizing 
complexes (cf. |Hal V, §2]). By the transitivity of trace map \B.a\ VI, 4.2(a) TRAl], we get the 
following commutative diagram. 



Tr^, 



A 



id 



Here, Tr„/ denotes the composition u^flf'^u^ = f^u'^u'^f^ — — y f*f^. We remind that 

this diagram consists of homomorphisms in the category of complexes by \H.a\ VII, 2.1]. Let u' 
denotes the functor u' in [Hal VI, 4.1] to avoid confusions with the morphism u'. We note that 
u' = = u' in the derived category since u is finite and flat. We have the canonical homomor- 



phism id — )■ u'u^,. Let c: fif'^u^ — > uu^f'^^f'^u^ 



u 



f*f^ where the second morphism is that 



induced by the left vertical morphism Tr^/ in the diagram above. Let c': — > uui^u^ u 
where the second homomorphism is the trace map. Taking u to the above diagram, we get the 
following commutative diagram of complexes. 



(4.12.1) 



fU'^'u^ 



A 



noTr 



■ W 



A 



The morphism id — )> u'u^ = ti^'u* is nothing but the adjunction homomorphism, and c' is the 
identity in the derived category. 



4.13 Theorem. — We preserve the assumptions and notations of paragraph 14.111 Then the 
relative duality isomorphism (|4.11.2|) is compatible with Frobenius pull-back. 

Proof. Recall that dx (resp. dy) was the dimension of ^ (resp. We let d to be the relative 
dimension, namely d := dx — dy. We denote by /l™^ the push-forward of level m. We will use the 



push- forward for right modules as in |Vi21 III] : recall that / 



(m.) 



Rf*{^ c 



(m) ■ 



for a coherent right i^^- ^-module It suffices to show that the trace homomorphism (|4.11.ip 
is compatible with Frobenius pull-backs by |Ca61 1.5]. By the result of Caro |Ca61 2.2.7], we 
know the compatibility in the case where / is a closed immersion. Thus, we are reduced to 
showing the case where / is smooth using the standard factorization ^ ^ ^ x ^ '3^ and 
the transitivity of the trace map |Vi2[ III, 5.5]. In the following, we assume / to be smooth. 

Let i be a non- negative integer, and X and Y be the reductions of ^ and over It 
suffices to show the compatibility for these X and Y, namely we need to prove the commutativity 
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of the following diagram. 



Fyr^ojx' [dx] F^Y' [dy] 

Since / is smooth and the relative dimension is d, we get that for any point y in '3^ , the dimension 
of f~~^{y) is equal to d. Since / is proper, f^{^) = for any quasi-coherent sheaf ^ and i > d 
(cf. for example |KH I Lemma (3)]). Thus, by the definition of /+, the canonical homomorphism 

is surjective, and Wf^^ux = for i > d, in other words W{f^^io,"Z',Q[dx]) = for i > —dy- 
Thus, we get 

Hom(/|"^)a;x[dx], ^y[tZy]) = Bom{H^f^^'^ux,ujY). 

This implies that to give the trace map f^^u)x[dx] ^yidy] is equivalent to giving the 
homomorphism H'^ f^'^ ujx — ^ ^y- We can retrieve the trace map by the composition 

fij^'^LOxidx] ^ H'^f^^^'^uxidy] ^ u;y[dy]. 
Note that we have the following commutative diagram by |Vi21 III, 5.4]. 

R'f.u;x H'^ft^ux 




It suffices to see that the following diagram is commutative. 

F\.H''fl'^'^ux -i^W' 

This shows that the problem is local with respect to Y . Assume that there exist liftings Fx '■ X 
X' and Fy : y — t- y of relative Frobenius morphisms such that the two morphisms f oFx, Fy o 
f : X Y' coincide. Under this particular situation, the theorem is reduced to showing the 
following diagram 

R'^f*UJx 

y 

F^R'^fiux'^- -F^y, 

is commutative, where the left vertical homomorphism is the base change homomorphism. This 
is nothing but (14.12.ip . In particular, the theorem holds in the case where / is finite etale. 

Let X be a point of X (which may not be closed). For a right ''-module ^ and an integer 
z, we put 
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where U runs over open neighborhoods of x, jjj: U ^ X is the inclusion, and r'^'") denotes the 
level m local cohomology functor defined in |BeIl 4.4.4]. We note that 



(4.13.1) 



by |BeH 1.5.4], and J^^{u}x) can be seen as a quasi-coherent right i^^'*-module. The Probenius 
isomorphism — ^ induces the isomorphism 

This induces the following isomorphism of Cousin complexes (cf. [Ha] IV, §3]). 

(jx '^Zo/z^ i^x) '^k/z^ ^^x) " • • • 



We denote by 'i^^ the Cousin complex of ux- 

Let ?/ be a point of codimension i in Y , and let x be a closed point of the fiber f~^{y) in X. For 
closed subsets of schemes, let us endow with the reduced induced scheme structure. Then since 
/ is smooth, there exists an open subscheme U of X, such that /' : Z := {x}r\U W := {y}riV 
is finite etale where V := f{U), and W is smooth. Consider the following commutative diagram. 




The trace map Tr+j/ : f^'^oJz — > can be identified with the usual trace map Trj/ by the 



isomorphism fl = since /' is finite etale. Since J^'" (wx) 
i'^\ujw), the functor i'^^ o Tr+j/ induces the homomorphism 



{ujz) and Jif^''' (loy) 



(4.13.2) 



by taking inductive limit over V. Note that since /' is finite etale, this trace map is compatible 
with Frobenius by the result of the first part of this proof. By taking the inductive to (|4.13.2p 
over m and using the identification (I4.13.ip . we get a homomorphism 

(4.13.3) Tii : /7Vi"'^^/+'(wx) = hi^ /7°4"'^=^i"'^''^+*(wx) 



hi^i/Vf ^=^i"^')'''+^(wx) Ih^ J^^(-')'^(a;y) ^ J^f^M 



This homomorphism is compatible with Frobenius as well since (j4.13.2p is. The composition 

(4.13.4) f*^.'^\ujx) ^ H'ft^Mf^^cox) ^ ^y'M 

is the usual trace map by construction. 
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There exists the surjection ^j^'* 
^* ^ ^tiv such that ^^"^ 
induces the spectral sequence 



^x^\y sending 1 to 1 (8" 1. This gives us a flat resolution 
such that if ° := ^J"^ and if * = for i > 0. The double complex /.C^^^j^f,,,)^') 



Note that E^'^ ^ H^bfr' -^Za/z^+S^^)- ^he trace map (|4.13.4p 

induces the homomorphism of complexes /*('i^^'''*(8)if,) J^^,^^,^_^{ujy) = "^y, and this induces 
the homomorphism of double complexes 

(4.13.5) /,Cr|+' ®^') ^ -r^. 

This homomorphism defines the homomorphism 7: f^ujx[dx] — ^ ^Yidy]- Let us show that 
7 = Tr+j. The canonical homomorphism "^J^ — )• "^J^ if*^ induces the homomorphism of 
double complexes 

(4.13.6) ^ /*Cr|+' ®if). 
Let 

j-iu,o _ IJf-^ " j-iu- 



,a,6 . . Z*'^! if = if 6 = 







if 6/0 



if 6 / 0. 



Then we get the trivial spectral sequences jS"''' =^ R"''^^ f^ojx and iiE'^'° =^ ii-E'" where nE"" := 
COY and otherwise. The homomorphisms ()4.13.5p and (j4.13.6p induce the homomorphisms 
i-E"' — )• El' iiEl' of spectral sequences. We get the following homomorphisms of complexes 



of £'i-terms of these spectral sequences. 
(4.13.7) 



Zd-l/Zd 



d+1 

Zd+l/Zd+2 



E- 



0- 



E- 



d,0 



'E- 



d+1,0 
1 



■■^Z^/Z2^^^) 



Rf*^x 



/+ ^x 



UJY[—d] 



Here the right homomorphisms are the homomorphisms of complexes of corresponding spectral 
sequences. To show that 7 is the trace map, it suffices to show that H~'^^ {'j) is the trace map. 
Consider the homomorphisms 



R''f*u:x 



jjd 



Ux > OJy 



induced by the S'^-terms of the homomorphism of the spectral sequences. The composition is 
the usual trace map Trj since (14.13.4p is (cf. |Ha[ VI, 4.2] for the construction of the classical 
trace map). Moreover the first homomorphism is the natural map which is surjective. Thus the 
second homomorphism is nothing but the trace map of Virrion. 

Since it suffices to see the Frobenius compatibility for H'^'f, this shows that it suffices to show 
the Frobenius compatibility for the lower homomorphism of complexes of the diagram ()4.13.7p . 
Thus it is reduced to showing the Frobenius compatibility for the homomorphism 



,d+i,0 



Zi/Zi-^ 



for any i. It is enough to show the compatibility for Tr^ for each x G X and i, which we have 
already verified at (|4.13.3p . ■ 
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4.14. We preserve the assumptions and notations from paragraph 14.111 Let be an object 
in DUyQ}\^,^^i^Z)), and ^' be an object in D\Jy&l„ ^^i^W)) . We put := F^^Ji and 

jy ■= F'^jy' . Since F^ induces an equivalence between D\^^{^Ij, ^(}W)) and -Dcoh(^r (q(^^))' 
we get 

i2Hom^^^(t^^)(/H.(^),^) ^ fiHom^^^(t^)(F^/+G^'),i^y^') 

where the first isomorphism is induced by the isomorphism of functors Fy ° — f+ ° F^ . In 
the same way, we get an isomorphism KRom^A i^^.i^, f^) — > -RHom^t f'^')- 

Corollary. — We 'preserve the assumptions and notations. The adjoint isomorphism is com- 
patible with Frohenius, in other words, the following diagram is commutative. 

" 

^Hom^^^^(,^^(/;(.^'), i2Hom^t^^^(tz)(^'' f^') 

Here the horizontal isomorphism are the adjoint formula isomorphism \V\\ IV, 4.2], and the 
vertical isomorphisms are those we have just defined. 

Proof. We only need to check the compatibility with Frobenius of the isomorphisms used in the 
proof of |Vi2t IV, 4.1]. The compatibility of the isomorphism |Vi2t IV, 1.1 (i)] is nothing but 
[Ca3l 2.1.19]. The compatibility of IMl IV, 3.4] is Theorem 03 ■ 

5. Cohomological operations in arithmetic ^-modules 

In this last section, we will collect results on six operations in the theory of arithmetic Si- 
modules with Frobenius structures in the liftable case. Before starting, recall the notations and 
terminologies of paragraph 13.11 

In this section, any (formal) scheme is assumed to be of finite type over its basis. 

5.1. In this section, we consider the situation l2.1lll if we do not consider the Frobenius structure, 
and 12. 112] if we use modules with Frobenius structure. Let /: (^, Z) — > ['3^ , W) be a morphism 
of d-couples. We put Z' := f~^{Z) C Z, which is a divisor by the definition of morphisms of 
d-couples. For a coherent (F-)^t^ Q(^l^)-complex recall that 

in {F-)LD^f^ qc(^^T ('^)) (^^' paragraphs!!]). Also recall that we denote by B^g;-^^ the dual functor 
with respect to jj(^Z)-modules. Let ^ be a coherent {F-)&^ Q(^iy)-module (or perfect 

complex), and suppose that /' o jy(^) is a perfect complex. Then we put 

/+(^) := {Bs:;z o /' o D^,iy)(^) 

in {F-)D^^^{&^^- Z)). When the realization of / is smooth, this functor is defined for any 
perfect (F-)^^ Q(tVI/)-complexes by [Bill 4.3.3]. If Berthelot's conjecture (cf. [Bell 5.3.6]) is 
valid, this functor is defined for any holonomic F-^^^ q,(^VF )- complexes. 
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5.2. Let /: Z) — > {'3^, W) be a morphism of d-couples such that the reahzation is proper. 
Let Z' := f~^iW) C Z. We denote by fo,z',+ the proper push-forward from {F-)LI^^^^^{§'}'\z')) 
to {F-)LI^''q^^^{&1'\w)). Let ^ be a coherent q( "I" Z) -complex. We denote by the 
underlying Q("''Z')-complex of We define 

f+{^) := /o,z',+ (i+-^) 

in LI^Q^cic(^^\^))- Let ^ be a perfect (F-)^^ Q(tZ)-complex such that Dj;-,z(^) is a 
coherent (F-)^^- Q('''Z')-complex. In this case, we say that ^ is /i-admissible. Then we define 

/,(^) := {n^,w o f+ o 

in {F-)D^^^{&a^ q(^W)). When Z' = Z, any perfect complex is /i-admissible. If Berthelot's 
conjecture is valid, any holonomic module is /i- admissible. Another example we have in mind is 
the geometric Fourier transform |NHlj (see also Definition IA.2.3P or that with compact support 
(cf. Definition lAXni)- 

5.3. Let {^,Z) be a d-couple. For coherent Q(^Z)-modules ^ and we denote 
^ n ctz-i^ simply by This is an object in Now, let / be 

a morphism of d-couples. We have defined functors (8)', Ox,z, and /+, /i, /"*", /'. These 
functors are expected to fit in the framework of six functors if we consider the category of holo- 
nomic complexes. Let us explain this shortly. Consider the category d-couples such that the 
morphisms consist of strict morphisms of d-couples (cf. paragraph 13. ip whose realizations are 
proper. For a d-couple , Z), we consider the category of holonomic -F-^^- Q(^Z)-complexes 
denoted by If the Berthelot conjecture holds, the category C(^^af:^z) is stable under six 

operations. Philosophically, considering means to consider a "good category" of coeffi- 

cients on ^\Z. See [Bell 5.3.6] for some explanations. The following theorems are stating that 
fundamental relations of these functors hold in this framework. 



5.4. We use the notation of paragraph 15. 2[ We get the following theorem. 
Theorem. — Assume that ^ is f\-admissible. Then there exists a canonical homomorphism 
(5.4.1) /!(^)^/4 



compatible with Frohenius pull-hacks. Moreover, when Z' = Z , this homomorphism is an iso- 
morphism. 

Proof. By using Theorem 14.131 we get Oa^^w o fz',+ — fz',+ ° ^S',Z'- The extension of scalar 
# (tz') induces the functor B^^r^^/ o — > j+ o B^^z- Using the isomorphism 

Os',z o ^S',z — id compatible with the Frobenius isomorphisms by |VH II, 3.5], and combining 
these morphisms of functors we get the homomorphism ()5.4.ip . The latter assertion is now 
clear. ■ 



5.5. Now, we will show the Poincare duality theorem for arithmetic ^-module theory in the 
style of SGA4 Exp. XVIII Theoreme 3.2.5. 
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Let /: {^,Z) — >• ^W) be a strict morphism of d-couples such that the reahzation is 
proper. Moreover, we assume that /o'^(W^) = ^- There exists the following isomorphism thanks 
to [Vi2l IV, 7.4]. 

(5.5.1) i?Hom^i^^(t^-|(^,/'^) ^ i?Hom^^^^t,^^(/+^,^) 

We get that this isomorphism is compatible with Frobenius by Corollary 14.141 

Remark. — The isomorphism (|5.5.ip should hold without assuming that f^^(yV) = Z if we 
replace /+ by For this, we need to assume the Berthelot conjecture. In the following, we 
freely use this conjecture. Let us sketch a proof. It suffices to show the case where /: , Z) — >■ 
{^,Z') such that the realization is the identity and Z' C Z. We can see easily that it suffices 
to show that for ^ € C^^a^^z') and -yV € C(^_^-^z), the homomorphism induced by scalar extension 



is an isomorphism. We can reduce the verification to the following two cases; when the support 
of ^ is contained in Z, and when ^ is a Q(^Z)-module. To see the former case, use the 
theorem of Berthelot-Kashiwara \Bel\ 5.3.3]. To see the latter case, it suffices to show that the 
homomorphism 

i?Hom^t^ ^^^z')(^.r,QCz'),B,r,z'{-^)^^f+^) ^ ^Hom^t^ ^^^^^{0,r,QCz),Bs-,z{^^)^^^) 
is an isomorphism. Using the Spencer resolution, it suffices to show that the canonical ho- 

L L 

momorphism D^- (S) '/+^ ~^ ^S',z{-^) ^ ^ is an isomorphism. The verification is 
easy. 

To complete the Poincare duality we need to calculate f' in the case where / is smooth. 
Namely, we get the following. 

Theorem. — Let f: , Z) — )• {'3^ he a morphism of d-couples such that the realization 
is smooth. Then there is a canonical isomorphism of cohomological functors with Frobenius 
isomorphisms 

f- - f+{d)[2d]: DUi&l^^i^W)) DUi&l^^Cz)) 
where d denotes the relative dimension of f . 

Proof. Put the functor D^^2',z to the both sides of the isomorphism of Theorem 13.101 Using the 
involutivity [Vil II. 3. 5] of O^.Z) we get the claim. ■ 



5.6. By using the comparison between dual functor of arithmetic ^-modules and that of 
isocrystals, we can prove a purity type result. Namely we have 

Theorem (Purity). — Let , Z) — t- {^,W) be a morphism of d- couple. Moreover, suppose 
that the realization of f is a closed immersion. Let ^ be a convergent F-isocrystal on ^ 
overconvergent along W . Then f~^{^) is defined, and we get 

f-{J^) = f^{J^){-d)[-2d] 

where d denotes the codimension of ^ in '3^ . 

Proof. We know that /*(sp*(^)^) = (/*sp*(^))^. Together with the comparison theorem 
of duality functors Corollarv 13.121 and the compatibility of pull-backs |Ca51 4.1.8], the theorem 
follows. ■ 
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5.7. Consider the following cartesian diagram of d-couples. 



/' 



/ 



Here, cartesian means it is cartesian as a diagram of underlying formal schemes and \Z' = 
\ Z) y<((^\w) \ W). Now, we get the following base change theorem. 

Theorem (Proper base change). — We preserve the notation. We get a canonical equivalence 
of functors 

This isomorphism is compatible with Frobenius pull-backs. 

Proof. Using the standard factorization, it suffices to show the theorem in the cases where g is 
a closed immersion and a smooth morphism. When g is smooth, we get the theorem by Lemma 
12. 6i When g is a closed immersion, this is a result of Caro [Call 2.2.18]. ■ 

Remark. — Let ^ be an object in Dcohi^h' q(^^))- When 5+ o fi{^) and o g'+{^) are 
defined, the above equivalence and the isomorphism ID o ID) = id induces an isomorphism 

g+of,{^)^f;og'+{^). 



5.8. We preserve the notation. Let and ^ be perfect (F-)^^ jj('''VF)-complexes. We 

assume that D^^^vkI-^) (X) ^B^,vk(-^) is also perfect (F-)i^^ (Q(^T4^)-complex. Then, we define 
the twisted tensor product of ^ and ^ denoted by .J^^^^^ to be 

One of the reasons we introduce this twisted tensor product is the following. For ^ and ,yy in 
45Q,qc(^r^)' we get that 

(5.8.1) f-{^^^^)[df]^ f-^^^f-J^ 

where df := dim(,;^) — dim(^?^). This is compatible with the Frobenius structures. However, 
if we replace /' by /"*", the equality (j5.8.ip does not hold in general. Nevertheless, if we also 

replace (8)^ by (8> , the equality holds in turn. Namely, (|5.8.ip induces an isomorphism 

f+{^0^^^)[-df] ^ f+^®^^f+.yr 

if the both sides are defined. A consequence of Lemma 14.31 is the following. 

Proposition. — Let , Z) be a d-couple, and ^ and ^ be coherent F-&^^- Z)- complexes. 
Assume further that .M is an overconvergent isocrystal along the divisor Z. Then we get 

^i^t^^ (^®t^)((i) 
where d denotes the dimension of . 
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5.9. Finally, let us compare the rigid coliomology with the push- forward as arithmetic Ql- 
modules. 

Let ^ be a proper smooth formal scheme of dimension d, Z he a divisor of the special fiber 
of be the complement, and ?7o be its special fiber. We denote by / : (^, Z) — > (Spf (i?), 0) 

the morphism of d-couples induced by the structural morphism of . Let ^ be a coherent 

Q(^.^)-module which is an overconvergent isocrystal along Z. Suppose that it is coherent as 

a Q-module. 

By Corollary 13. 14^ we get the canonical isomorphism 

R'f^Ji - if,'^+^(C/o,sp*(^))(d). 

To see the relation for cohomologies with compact supports, we use the Poincare duality of 
rigid cohomology. In the curve case, Poincare duality is proven in [Crj . In the general case, we 
could not find any literature explicitly stating the Poincare duality with Frobenius structure. 
However in [Stl 8.3.14], the coupling is defined, and in [Kej . the perfectness of the couple is 
proven. Thus we get the following isomorphism 

if;ig(C/o,M)^ ^ H^.f-;{Uo,M\d)) 

for an overconvergent F-isocrystal M on the smooth variety Uq over k. Using this, we get 

Here the second isomorphism follows from Corollarv 13.121 Summing up, we get 

WU^ ^ H^+\Uo,sp*{^)){d), Wfu^ ^ H^+;^{Uo,sp*{y^)){d). 
In particular, we note that there exist canonical isomorphisms 

compatible with Frobenius isomorphism. 

A. Comparison theorem between Fourier transform and Fourier 
transform with compact support. C. Huyghe 

Introduction 

Let y be a discrete valuation ring of inequal characteristics (0,p), containing an element tt, 
the TT of Dwork, satisfying the equation vr^'"^ = — p, S = Spf iV) the formal spectrum of V , X 
the formal affine line over 5, the dual affine line. Let us introduce y and two copies 
of the formal projective line over R compactifying X and X'^ and denote ooy (resp. C!03;v) 
the complementary divisors. In |Belj Berthelot constructed sheaves of arithmetic differential 
operators with overconvergent singularities along a divisor {e.g. T>y{ooy) in our situation). For 
several reasons these sheaves have to be thought as sheaves over the open subset which is the 
complementary of the considered divisor, thus, in our case, over the formal afhne line. In jHuOj 
one constructed the Fourier transform of X'^(cxD^)-modules, using the Dwork exponential module 
as kernel and we checked the compatibility with the so-called naive Fourier transform. The aim 
of this note is to define the compact support Fourier transform in dimension 1 and to prove that 
it coincides with the Fourier transform without compact support introduced in loc. cit.. 

This result is part from the unpublished part 4.4 of |HuOj . where it is proven in dimension A'^. 
The dimension 1 case is technically easier and sufficient for |AMj while giving a good idea of the 
proof in dimension A^. That's why we restrict to this case here. The extra work in dimension 
N consists into proving a generalization of the division lemma IA.2.71 and to deal with longer 
complexes of length + 1 . 
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A.l. Preliminaries 

A. 1.1. Denote K the fraction field of V . For / G Z, |/| is the usual archimedean absolute value 
of /. The p-adic valuation of an element a of a p-adically separated ring is Vp{a). For a & K, 

If J" is a sheaf of abelian groups over a topological space we denote = Q 
The product Z = y xy"^ = F^xF^ is endowed with the ample divisor oo = 003; x |J x 
OOyv . 

When needed, we will use [uq, ui] and [vq, vi] as homogeneous coordinates over the two copies 
of P^, Uq = and vq = are equations of the infinite divisor over each copy of P;^, x = ui/uq 
and y = vi/vq will be coordinates over the affine plane complementary of the 00 divisor over Z. 
These two coordinates x and y over X = and Af^ = should be considered as dual to each 
other. 



A. 1.2. Let V be a smooth formal scheme over S, endowed with a relative divisor D (meaning 
that D induces a divisor of the special fiber), and U = V\D. Then the direct image by special- 
ization of the constant overconvergent F-isocrystal over U, the special fiber of U, is a sheaf over 
V denoted by Oy{^D) (4.4 of |Bel| ). If V is affine and if / is an equation of D over V, we have 
the following description 



r(V, OvCD)) = I ^ ^, a, e r(V, Ov,q) \ and 3C' > 



Consider the ring of arithmetic differential operators over V. Suppose that xi,. . . ,Xr, 
are coordinates on V, denote dx^ the corresponding derivations for i € {1, ... , n}, and 

= and = dlt'^ ■ ■ ■ d^^-\ 

^1 ^ — X\ Xn ' 

then we have the following description 



% ^ r(V, Ov,q) and 3C> I Vpiak) - ^ ^ +00 if ^ +c 



In 4.2 of |Belj . Berthelot introduces also rings of differential operators with overconvergent 
singularities, which are sheaves of C'v(^-C')-modules. Suppose that xi, . . . , x„, are coordinates on 
V and that the divisor D is defined by the equation / = on V, then we have the following 
description 



T{v,vl{D)) = \ ^lA e r(V,0v,Q 



«eN,fceN" 



and 3C > I Vp{ai^k) -^r^ +~ if ^ + 1^1 ^ 

All these sheaves are weakly complete, in the sense that they are inductive limit of sheaves 
of p-adic complete rings as described in the following subsection. Let us stress here upon the 
fact that these sheaves are always sheaves of K vector spaces (even if there is no Q in their 
notation). We made this convention to avoid too heavy notations. Note also that this won't be 
the case with the sheaves that we will introduce in the following subsections. 
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A. 1.3. In this subsection, we use notations of IA.1.21 Let us fix m G N, elements xi, . . . ,x„ G 
r(V, Ov) which are coordinates on V and / € r(V, Oy) such that Df]V = V{f). 

Let us introduce here some coefficients. First we define the apphcation i/^ : Z — t- N by the 
following way. If A; < 0, we set Vm{k) = 0. Let /c G N, and q and r be the quotient and 
the remainder of the division of k by p^'^^. If r = 0, we set i'm{k) = otherwise we set 
T^m{k) = q + I. We extend this application to Z*", by fm((fci, . . . , kj.)) = Vmiki) + • • • + i^mikr)- 

We denote also g^™^ the quotient of the division of a positive integer k by p"^, and 



If the choice of m is clear, we will omit it in the notation. 



Berthelot defines a sheaf by setting locally 



r(V,4"^) = jj] ^, ai G r(V, Ov) I Vp{ai) > and t;p(aO - ^ +oo if / 

Then there are canonical injective morphisms b'^^ C B^~^^^ and 



Ov{^D)=\m^B^^^^. 



Berthelot defines also sheaves of rings differential operators jy^^D) and their p-adic com- 
pletion 'D^\d) over V by 

r(V,Pj")(D)) = I G r(V,Ov) kp(a/,fc) > 

[«GN,fc6N" •' 

where the sums are finite and 



^d^)im)^ a^^^ e r(V, Ov) I vp{ai,k) > i^mil) 



and Vp{ai^k) — ^m{l) +oo if \k\ + l ^ +oo 

Then there are canonical injective morphisms PjTqC-^) '^v^q^\^) ^-i^d 

Pi(Z))=lin^Pt™^p). 

If D = the previous sheaves are simply denoted T>^'^ and T>^\ 

A. 1.4. We finally recall the following inequalities for |A;| and \l\ elements of N", I and r in N. 

\k\ \k\ 
-r - nlog (|fc| + l)-n< vpikl) < 
1 ^ n — 1 



P 

- ">og,(|i| + 1) - < M^'-) < 

m 1^1 

< l^miL) - Z^mdil) < n 

0<Vp(^Q^ <p(logp(/) + l). 
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A. 1.5. By definition an induced X'y(Z?) -module is a Dy^D) of the type 

where <f is a coherent Ov(^-D)-module and where the Py(Z))-module structure comes from the 
one of 

A. 1.6. Coming back to the situation of the introduction, let pi and p2 be the two projections 
Z ^ y and Z —?■ , and oo' = p^^ooyv. 

Let us now recall how to describe the structure of the category of left Py(oo3;)-modules, 
resp. P^(cx3)-coherent modules, resp. P^l^^O'^oherent modules. 

Let us first start with coherent P^(oo3;)-modules (see |Hulj ). First note that 

T{y,OyC(x^y)) = e K, and 3C > 0,1] < l\ \bi\p < Cr^'j 

and set 

Ai{K)^ = I Yl a^.fc G i^, and 3C> 0, ry < 1 1 |afc,4 < C?/+'^ 

[fcGN./GN 

the weak completion of the Weyl algebra. It is a coherent algebra and we have ( |Hulj ) 

A. 1.7 Theorem. — The functor r(3^, .) (resp. RT{y,.)) establishes an equivalence of cate- 
gories between the category of left coherent Pj;(oo3;)-modules (resp. D'^^f^{'Dy{ooy))) and the 
category of left coherent ^i(ir)'''-modules (resp. D'^^f^{Ai(K)^). 

In particular, Ai{K)^ ~ T{y,'Dy{ooy)) and every coherent 'Dy{ooy) admits globally over y 
a resolution by globally projective and finitely generated P^(ooy)-modules. This resolution can 
be taken finite since Ai(K)^ has finite cohomological dimension ( |NH2] ). 

Consider now the situation over Z for m fixed. In theorem 3 of |Hulj . we proved that the 

elements dx ^ are global sections over of the sheaves T>^\ so that 



' s 



Moreover, an easy computation (2.1 of |Hulj ) shows that elements p^^C^O^'i for h > are global 
sections of implying that 

Define 



VpidLk) - i^miL) +00 if |/| + \k\ +00 > . 
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From these observations and the fact that is a sheaf of p-adically complete algebras, we 

see that 

Consider the weak completion of the Weyl algebra in 2 variables 



MK)^ = I aikx'^y'^dt^d^^^\ai^k G and 3C > 0, < 1 1 \ak,i\ < C7?l^l+I^l 

which is coherent from |Hulj . It is easy to see that 

m 

We endow A2{K)'^ with the inductive limit topology coming from this filtration. 

Because the divisor oo over Z is ample, we can apply 4.5.1 of |Hu3j which tells us that 

T{Z,vl{cx>))^A2{K)l 

Moreover we have the following theorem (4.5.1 of |Hu3j and 5.3.4 of jHu2j ) . 

A. 1.8 Theorem. — The functor T{Z, .) (resp. RV{Z, .)) establishes an equivalence of cat- 
egories between the category of left coherent I?2(o<2)"™odules (resp. D^cohi'^'^zi'^))) ^^"^ 
category of left coherent ^2(-f^)^-modules (resp. D^^^j^{A2{K)'^)). 

Consider now the scheme Z = yx y'^ endowed with the divisor oo' = P2^{ooy'^) and ©^(^'^O 
the ring of arithmetic differential operators with overconvergent coefficients along oo'. In order 
to deal with coherent ^'^('^O'^o'^^l^s, denote 

B2{K)^ = I ai,,ky''dt^df^\ ai,,k S i^, and 3C> 0, 77 < 1 | K,k\p < Cr^'^+'^l 

[«2eN,fceN2 

which we endow with the induced topology of A2{K)'^ . Consider F^'") = f]B2{K)'^. As 
before we observe that 

C T{Z,vP {00')), 



which leads to the following inclusion 

Q -^2\^^J 



limF^^ = B2{K)^ C T{Z,vUoo')). 



We apply 2.3.3 of |NIIlj to see that this is actually an equality. 
We will also use the following division lemma (4.3.4.2 of |NIIlj ). 

A. 1.9 Theorem. — i. For any P E A2{K)'^ there exists a unique {Q,R) G A2{K)^ x 
B2{K)'< such that P = Q{-dy + ttx) + R. 

ii. The maps P ^ Q and P ^ R are continuous. More precisely, if P G Eq'\ then Q G 
E^^^^\ and R G ^J^^'^ fl B2{K)^ . 
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A. 2. Fourier transforms 

A. 2.1. Kernel of the Fourier transform. In dimension 1, the duality pairing Xy.X^ — )• 
is given by t i-^ where t is the global coordinate on the right-hand side. It extends to 
b: Z = 3^ X P|5, by the formula i— > x^^y~^ on neighborhoods of oo. Let be 

the realization over of the overconvergent Dwork F-isocrystal. It is given by a connection 
V(l) = —irdt. We define K^^ to be the Q(oo)-module associated to the overconvergent F- 
isocrystal 6*{Lt^). The module K^^ is thus isomorphic to OzO oo) with a connection on 3^ x 
defined by 

V(l) = —Tr{xdy + ydx). 



A. 2. 2. Explicit descriptions of cohomological operations. Let us consider the following 
diagram 



y y"". 

For M,N two 02(^cx))-modules, denote 

M^iV = M0^^(too)^[-2]- 

-J J. ^ J. 

Note that the sheaves Vy{ooy) (resp. I^^v(oo3;v)), are canonically subsheaves of rings 
of P^(oo). Cohomological operations involve sheaves V^^yioo), respectively ^^^^^(oo), which 
are left (resp. right) coherent !D^(cx3)-modules and right (resp. left) p^"^I'j;(cx)3;)-modules, which 
can be explicitely described in our case. The module structures over "Dy^^i^) ^'^^ obtained from 
these of P^-5.j;(oo) t>y twisting by the adjoint operator (1.3 of |Be2| ). In particular underlying 
abelian groups of both sheaves are the same. Because the sheaves 

OzCoo) ®Oz and 0^(^00) ®p-^Oy Pi^^V 

are free, the twisted actions are easy to describe globally. For example, for P G 1)^^2(00), 
the right action of dx over P is equal to the left action by —dx over P seen as an element of 

From 4.2.1 of |NHlj . we know that these sheaves admit a free resolution, as I'^(oo)-modules 



■4 (00) 



00 



PI ^Pdy. 



For the sheaf P^^^ (0*2)1 consider the map P 1— t- dyP. Actually, if we endow ©^(oo) with 
the canonical structure of right (resp. left)-p~-'^I?j;(oo3;)-module this complex is a resolution of 
P^_j^j;(oo) (resp. 'Dy^2,['^)) which is ©^(oo) ^ '^y['^y) (resp. 'Dy{ooy)) x I?^(oo)-linear). 

Moreover, thanks to lA.l.Sl the sheaves 'D^-i.y(c'C)) and 'Dy^2{'^) are acyclic for the global 
section functor. 

Moreover, both sheaves 1)^^2(00) and ©^-^^(oo) can be considered as subsheaves of 2?^(oo)- 
For example, P^_j.y(oo) is a 'D^(c>°)"Coherent module, and its global sections over Z are the 
sections of A2{K)'^ with no term in dx- 

This is the same for ^^^^(oo) once we have twisted the two actions of P^(c'o) over itself 
by the adjoint operator. 
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For M G D^^^^{Vy{ooy)) we state as usual 

A{M) = V\^y{^) Pi^M [1] G Dl^{V^^{^)) 

and for N G Dl^{V^^{<x>)) 

whose cohomology sheaves are not coherent in general. Fourier transform can now be defined. 
A.2.3 Definition. — For M € D^^^,^{v\^{ooy)) 

T{M)=p2+{p[M^K^). 
Let us recall the fundamental results of |NHlj . 
A. 2. 4 Theorem. — i. (4.3.4 of [NHlj ) there is a canonical isomorphism 

^iv(00yv)[-l] ^ J-(pt^(00y)), 

ii. (5.3.1 of loc. cit.) If M G D''^^f^{vl,{ooy)), then F{M) G D^^^^{vl,^{ooyv)). 

A. 2. 5. To define Fourier transform with compact support, we will need to work with D^i'^')' 

modules. In particular, we will use the cohomological functor : ^cohC^z^^')) ~^ -^cohi'^y'^i'^y 
which preserves coherence, since p2 is proper and thanks to the fact that oo' = p^^(oo). 
We will also use the scalar restriction functor p: Z)^(D^(oo)) — t- D^{'D2{oo')). 

A.2.6. For M in /^^^^(^'^(oo)), we denote the dual 

T>z{M) = R7^omp^(^)(M,P^((^) u;^'[2]) G oUiV^^i^)), 

since the sheaf X'^(oo) has finite cohomological dimension ( |NH2j ). and the corresponding dual 
functor D'2(M), for M G DcohC^zi^'))^ (^^sp. By and Byv for ^^(ooj;), resp. D^v(ooyv)- 
modules). 

The following division lemma will be crucial. 
A. 2. 7 Lemma. — Let U = D^{ui) x D^{vo) ot U = D+(ui) x Dj^{vi) and x' = 1/x. 

i. The elements {—x'dy + vr) and —dy + irx generate the same left ideal of I?^(oo)(^/). 

ii. For any P G P^(oo)(^) there exists {Q,R) G P^(oo)(^) x P^(oo')(Z^) such that P = 
Q{-x'dy + tt) + R. 

iii. The previous decomposition is not unique. But, if Q{-dy + TTx) G d|(oo')(^/), then 
Q G P^(oo')(^^). 

iv. If Q G P^(oo)(Z^) and Q{-dy + vrx) = 0, then Q = 0. 

Remark. Analogous statements hold for the left multiplication by —dy + irx, or dy + irx, 
considering right ideals generated by these elements. 
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Proof. Recall that x G r{Z,Oz{^oo)). The first assertion comes from the equality 

X{ — X'dy + TT) = —dy + TTX. 

The open set D^{ui) x D^{vo) will be endowed with coordinates x' = 1/x and t = y, and 

5{m) 



D^{ui) X with coordinates x' and t = l/y. Denote = 'D2{oo){U), and D'^ 



V 2[oo'){U), which contains the algebras Fq described in IA.1.61 



By considering the right O^-module structure on v'^^i^)! see that an element Q £ 



can be written 

fceN2,iez2 

such that 

(A.2.1) ai^k e and 3C > 0, M > 0, | t;p(a;,fc) > ^ — n ^' ^ ^ '-' - M, 

(note that on D^{ui) x L'4_(fo) coefficients 0'(i-^^i2)^k are equal to if < 0). With this notation 
Q e Z)'^ if and only if Mk € N^, V/ 1 /i < 0, ai^^ = 0. We can also write Q this way 



with 



fc={*:i,fe2)eNxN 
!2GZ 



Let us observe that the condition (IA.2.ip is equivalent to the fact that there exist m > such 
that 

Q^, Gr(Z^,pg^j(oo')) 
and elements Ti^ of T{U.,V^^\oo')) such that 

(A. 2. 2) Qi-^ = ui-^p^"^^~^^^Ti^, for some u^j G K satisfying Vp{ui^) +00 if +00. 
We define 

/iGN 

SO that we can write down 

(A.2.3) Q = E + i?", 

with T;^ G r(Z/^, X'^q(oo)) and Vp{ui^) +00 if +00. 

We will first prove (iii). Suppose that Q{—dy + vrx) G r(^/, ^'^(oo'))- Because of ()A.2.3p . we 
can suppose that 

Q=Y^Qi,x''\ 

h<o 

Now we are reduced to prove that Q = 0, that we can do in restriction to D+(ni) x D^{vqVi), 
on which we choose x' and y as coordinates. 
Let us compute 

Q{-dy + nx) = {-Qhdy + irQi^+i) x'''\ 
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Therefore, Q{—dy + vrx) is an element of T{U, V^ioo')) if and only if 



(A.2.4) 



^idy = 0, and 



(A.2.5) V/i < -1, -Qi.dy + ttQi^+i = 0. 

Let us decompose 

k 

with j3k{y) € Oz,ci{Dj^{vqUqUi)), then we compute 

k\k2>l 

which is null if and only if VA;, (3k = 0, i.e. Q-i = 0. Thus by descending induction, one sees 
from (|X23]) that V/i < -1, Qi^ = 0, and Q = 0. 

Let us prove now (ii), the existence of the decomposition. Recall that dy G r(^,P^(oo')) 
and {—dy + vrx) G T {Z ^v'^^i'^)) ■ Since these two elements commute we have the following 
equalities 



p 



,i^m(Kl|) 



hi r-l 



+ 



r=l s=0 \ / \ / 



+ TTX) 



^|Zl| (m+2),^2/ 



+ 



\h\ r-l 
r=l s=0 



TT 



^r- 1^^ - 1 - s)! (|/ihi-s>( 



(m+2) 



("1 + 2)^5 



I 



Denote 



rfm{\h\) 1/ 11 |v 

R _ ^ inl- ^(Kl|)(m+2) 

^I'll • 



I'll r-l 



r-l+sP 



;^m(|ii|) 



Q,(r,s) = (-ir 



_^+,'^^U\h\\(r-l\{\h\-l-s)\ 



By definition, we have the following relation 

(A.2.6) fm{\h\)^\h\ =Si,{-dy + TTx) + Ri^. 

Then, from estimations IA.1.41 we see that 



(m+2) , 
^\li\-l-s- 



P 



|/i|! \ ^ p p — _ jQg^^i^^i + 1) _ 1 ^ oo if ^ +00, 
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which proves that i?;^ G i^;('"+2) for |/^| big enough. We also see that Vr < — 1, s < r, 



— p — 1 



> i l^il - logp(Kil + 1) - 2 ^ OO if ^ +00, 



which proves that Si^ S £;{™+2) fQj- |/-|^| enough. As a consequence Si^ and resp. i?;^ are 
elements of r(W,X'^~'~^^(oo)) for big enough (resp. T{U,V^^^'^\(x>'))). 

Let Q G We can use the description given in (IA.2.3p . Since — )> if ^ +oo, we 
observe that 

Q' = J2 ^hTiA. G r(ZY,4™+')(oo)), 

/i<0 

and 

li<0 

Moreover, we have the following equalities 

/i<0 

= ^ ui.Ti, {Si,{-dy + TTx) + Ri,) + R" 

= Q'x{-x'dy + vr) + i?' + R", 

which shows (ii) of the lemma. 

Now, let Q € such that Q{—dy + vrx) = 0. From (iii), we know that in fact Q E D''^ . As 
in the previous case, we restrict ourselves ioU = D^{uq) x D^{voVi) and we decompose 

/igN 

The recursive formula ()A.2.5P still holds and we get 

ttQo = 0, and 



V/i > 0, ttQi-^+i = Qi^dy. 
By induction, this proves that Qi-^ = for all h >0 and thus that Q = 0. ■ 

The key lemma to define the Fourier transform with compact support is the following: 
A.2.8 Lemma. — Let M € /^^^^(^^(ooy))), then 

Proof. It is enough to prove this lemma in the case of a single 'Dy{ooy) coherent module M. 
Such a module admits a resolution by direct factors of free modules of finite rank ()A.1.7p . It is 
thus enough to prove this lemma in the case of 'Dy{ooy) itself. 
If is an O^-coherent module, we denote 

f = T®Oz O^(^oo). 
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Then by 2.1.1 of |NHlj Tz/s (resp. Tz/y) are free C'^(^oo)-modules of basis d^, dy (resp. dy). 

Let us reformulate lemma 4.2.4 of [NH1| . Let K, the complex of induced I'^(°'2)"™odules 
in degrees —1 and 

l\ Tz/y A (00) ^ 0, 

where 

d{P®dy) = P-{dy + TTX). 

A. 2. 8.1 Lemma. — In the derived category D^ohi^zi'-^)) ^^^^ complex is equal to the 
complex 

Pl^3;(ooy)i0^(^)i^^[l], 

which is nothing but the complex p'['Dy{ooy) (8> K,^ (in degree 0). 

The augmentation map e' : ^'^(c^) ^ Pi'^yi'^y) ® is given by 

e'idy) = —TTx (g) 1 
e'{d^) = {d^-ny)0l. 

In the rest of the proof, we identify the left induced P2(c«)"™odule P^(cx)) (8>^t (^^^ ^^Tz/y 
with ^^(oo)- Then R'Hompt (qj^-jI-^^^. represented by the following complex of 

right P2(°°)"™odules, whose terms are in degrees —2 and —1 

(A.2.7) Q ^V\{oo) ^v\{oo) ^{), 

such that d'{P) = {dy + Trx)P. Finally, we see that L, = Y){K^) is represented in L'|^^^(P^(oo)) 
by the following complex in degrees —2 et —1 

(A.2.8) ^ P^(oo) ^ p;^(oo) ^ 0, 

such that = P{-dy + vrx). 

Consider now the canonical map 

D|(oo') (00) P^((X))(-ay + TTX) . 

Over Z?+(no) both sheaves V^ioo') and 2?^ (00) coincide. Let us study the situation over D+{ui). 
From the previous lemma [A. 2 .71 we see that this map is surjective over D^{ui) x D^{vq) and 
D^{ui) xD^{vi) and that over these open subsets the following complex is exact (using notations 

of EMI) 

where (i"(P) = P{-x'dy+7r), showing that p^J^ziK.) G -0^0^(^2(00')). hence p*D2(PiM^^7r) G 
DlhC^U^')) for any M € Dl,^{V^^{cx^)) . U 

Finally, this leads us to the following definition. 
A.2.9 Definition. — For M € D^^^^{vl^{ooy)) 

Ti{M)=p',^Tt'zP.nz{PiM^K^) € Dl^iV^^i^')). 
Note that from the previous lemma lA. 2. 81 we know that T\{M) € L'^g^(Pt;v (ooyv)). 
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A. 3. Comparison theorem 

A. 3.1 Proposition. — Let M G -D^o/i(^^(°*^))' t^iere is a canonical map: F\{M) T{M). 

Proof. Let be a coherent P^(cx))-module, such that p^:E is a coherent 'D'^^{oo')-modLVi\.e. There 
are canonical maps D'^ip^E) — )• I^ziE) and also canonical maps 

p'^+B'ziE) ^P2+-Dz{E). 

Applying this to = p^Y)zioo){p\Mi^KT^) gives a canonical map 

T,{M) ^P2+'Dz'Dz{p\M®K^). 

And we apply the biduality theorem 3.6 of ^i], to see that the RHS can be identified with 

T{M). m 

A.3.2 Theorem. — Let M G i:>^^^(P^(oo)), there is a canonical isomorphism: J^\(M) ~ 

Since and J^i are both way-out functors, we are reduced to the case of a single module M. 
Thanks to IA.1.7"1 we can suppose that M = D^(ooy). 

A. 3. 3. Computation of T\X'Dy{(X)y)). Let us consider U one of the open sets D^{ui) x 
D^{vo) or D^{ui) X D+{vi) of Z, denote by x' and t coordinates over U. Then, over U, we have 
the following resolution of the sheaf Vy-^^^i'^') by right ^'^(c'oO'^odules 

^ v],{oo') ^ ^^2(00') ^ pJ;v^2(oo') ^ 

PI -5,.P 

and exactly the same resolution for the sheaf D^(oo), replacing P^(oo') by 'D^ioo). This proves 
that there is a canonical isomorphism of right X'2(^)"™odules 

In fact, this isomorphism is also right Pj;v (oo3;v)-linear, property that we can check over the 
open set D^{uq) x D^{vq) where the previous isomorphism coincides with identity. 
Now we have the following lemma. 

A. 3. 3.1 Lemma. — Let M be a coherent X'2(°*^)"™odule such that p^,M is a coherent V^^i'^')' 
module, then there is a canonical isomorphism of coherent D2(c«)-iiiodules 

P^M P.M ~M. 

Proof. The canonical map of the statement is a morphism of coherent X'2(oo)"™odules, which 
is an isomorphism over P'_|_(uo) x D^{v()) and thus an isomorphism (cf 4.3.7 of |Bel] ). ■ 

With the hypothesis of the lemma, we get 

P2+M = Rp2, (piv^2(oo) m) 

^ RP2. (^?iv^2(00') P|(00) m) 

- PP2* (P^v^2(0°') ®ot.(oo') /'*(^'^)) 
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Applying this to M = K,[-l] of lA.2.8.H we see that 



^!(Pi(oo3;)) =p'2+D'^p,D^(i^.[-l]) 

^ nyp'^^p,T>ziK,[-l]) (see [Vi2]) 

~D3;p2+D2(i^.[-l]) 

Now we need the fohowing statement 

A. 3. 3. 2 Lemma. — There is a canonical isomorphism 

Proof. Using ()A.2.8p . we know that PLv^^l^*^) "-^^^t ^z{K,) is represented by the following 
complex with terms in degrees —2 and —1 

^iv^2(oo) Vl^^^ioo) 

Pi ^P{-dy + 7rx). 

Denote by £ the — 1-cohomology group of this complex. Since the module 'Dyv^2i^) ^ right 
coherent P^(oo)-module, it is acyclic for the functor T{Z, .). It is also the case for £ by the long 
cohomology exact sequence and we can then compute T{Z, £) as the cokernel of the map 

— - r{z, p|,v^2(oo)) — - r{z, pt^v^^(oo)) — - . 

P I ^ Pi-dy + VTX) 

In particular, we get an element 1 G T{Z, £), allowing us to consider a morphism (p : "Dyv {ooyv ) — > 
Il.p2*£, that sends P to P • 1, where 1 € R^p2*£- 

On the other hand, from the previous lemma [A.3.3.H we know that p2-\-'Dz{K,[—l]), thus 
£, is a coherent 'Dy{ooy)-'module. By lA.l.Sl it is enough to prove that the morphism induced 
on global sections of both sheaves is an isomorphism, to see that if is an isomorphism. 

As 'D^(oo)"Coherent module, Vy^^^i^) is acyclic for the functor T. Using the resolu- 
tion given in lA.2.21 we identify T{Z, vl^^^^ioo)) with A2(K)V9x^2(i^)^ Finally, we get the 
following isomorphisms 

r(Z,2?^v^2(oo)) / TiZ, p5;v^2(oo))(-5y + TTx) ~ A2{K)^ /d^K)^ + A2iK)\-dy + nx) 

c^B2{K)^ /dMK)^ 
~ Ai(A')t 

^T{y'',vl,{ocy.)). 

But 'RT{Z,£) is isomorphic to T{Z,£) placed in degree 0, and also to 'RT{Z,'Rp2*£)- Because 
the cohomology sheaves of Rp2*£ are acyclic for r(3^^,.), the spectral sequence attached to 
composite functors r(3^^, .) and p2* degenerates, proving that R^p2*£ = for i 7^ 0. Finally the 
previous computation gives that P2*£: and thus p2+^ z{K is isomorphic to Vy^{ooy^) (in 
degree 0) and the lemma. 



52 



We finally get 



7-|(Pj;(ooy)) ^ Dyp2+D2(K.[-1]) 

Dy(p5;v(ooyv)[2]) 



~pT^v(00j;v)[-l] 
^T{V^y{^y)) (cf-lAXij). 

It remains to show that the canonical map F\{T>y{ooy)) J-'(I?^(oo;y)) maps 1 to 1. For this 
we observe that the canonical map 

p'^^-D'zP.-Dz (i^. ) [- 1] ^ {K, ) [- 1] 

maps 1 (considered as an element of the 0-cohomology group of these complexes) to 1, which 
is clear from the explicit computation of the complex and the map of functors pg+D^ 
P2+Gz- Then identification of Y)z^z{K,) also maps 1 to 1, and this finally gives us the 
isomorphism 
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